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Êîíå÷íîìåðíàÿ èíâàðèàíòíàÿ àïïðîêñèìàöèÿè ïåðèîäè÷åñêèå ðåæèìû òå÷åíèÿ ÁëàçèóñàÒ. �. ÄàðìàåâÁóðÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óëàí-Óäý, �îññèÿe-mail: dtg�bsu.ruIn this artile the method of the �nite-dimensional invariant projetion of theNavier�Stokes equations is applied for the parallel Blasius �ow of visous inompressible�uid on a semi-in�nite �at plate. A numerial study of the periodial regimes waspresented.ÂâåäåíèåÈçâåñòíî, ÷òî â îáëàñòè ëàìèíàðíî-òóðáóëåíòíîãî ïåðåõîäà â ïîãðàíè÷íîì ñëîå áûñòðîíàðàñòàþò âîçìóùåíèÿ. Ïåðâàÿ ïîïûòêà îöåíèòü âëèÿíèå íåëèíåéíîñòè íà ñóäüáó âîç-ìóùåíèé áûëà ïðåäïðèíÿòà Ë.Ä. Ëàíäàó [1℄. Ñ ïîìîùüþ êà÷åñòâåííûõ ðàññóæäåíèéîí ïîêàçàë, ÷òî íåëèíåéíîñòü ìîæåò êàê ñòàáèëèçèðîâàòü íàðàñòàþùèå âîçìóùåíèÿ,ñîçäàâàÿ íîâûé óñòîé÷èâûé ðåæèì òå÷åíèÿ, òàê è âûçâàòü ðîñò âîçìóùåíèé, óñòîé÷è-âûõ â ëèíåéíîì ïðèáëèæåíèè. Äæ. Ñòþàðò è Äæ. Âàòñîí [2, 3℄ êîëè÷åñòâåííî íàøëèóðàâíåíèå Ëàíäàó äëÿ ñëàáîíåóñòîé÷èâûõ âîçìóùåíèé ïëîñêîïàðàëëåëüíûõ òå÷åíèéâ âèäå àñèìïòîòè÷åñêèõ ðÿäîâ. ×èñëåííûå ðàñ÷åòû äëÿ òå÷åíèÿ Ïóàçåéëÿ âûïîëíèëèÂ. �åéíîëüäñ è Ì. Ïîòòåð [4℄. Ñóùåñòâåííûé âêëàä â ðàçâèòèå íåëèíåéíîé òåîðèè áûëñäåëàí Â.Â. Ñòðóìèíñêèì [5℄. Îí ïîëó÷èë ðåøåíèå óðàâíåíèé Íàâüå�Ñòîêñà äëÿ ñëàáî-íåëèíåéíûõ âîçìóùåíèé â âèäå ñõîäÿùèõñÿ ðÿäîâ. Ïðîñóììèðîâàâ áåñêîíå÷íûå ðÿäûäëÿ àìïëèòóä âîçìóùåíèé, îí ïîêàçàë, ÷òî íàðàñòàþùèå âîçìóùåíèÿ ñòàáèëèçèðóþò-ñÿ, à çàòóõàþùèå â ëèíåéíîì ïðèáëèæåíèè çàòóõàþò è ïðè íåëèíåéíîì ðàññìîòðåíèè.�åøåíèÿ Ñòðóìèíñêîãî ñõîäèëèñü íà íåêîòîðîì ðàññòîÿíèè îò ëèíåéíîé íåéòðàëüíîéêðèâîé. Íî âûøåóêàçàííûå ñëàáîíåëèíåéíûå òåîðèè ãèäðîäèíàìè÷åñêîé óñòîé÷èâîñòè[1�5℄ è ïðÿìîå ÷èñëåííîå èíòåãðèðîâàíèå óðàâíåíèé Íàâüå�Ñòîêñà [6℄ õîðîøî îïè-ñûâàþò íà÷àëüíóþ ñòàäèþ ëàìèíàðíî-òóðáóëåíòíîãî ïåðåõîäà. Ñëàáîíåëèíåéíàÿ òåî-ðèÿ íå ïðèìåíèìà äëÿ îïèñàíèÿ ïîñëåäóþùèõ ñòàäèé, ïîñêîëüêó íóæíî ðàññìàòðèâàòü÷ëåíû âûñøèõ ïîðÿäêîâ ïî àìïëèòóäå. Ïðÿìîå ÷èñëåííîå èíòåãðèðîâàíèå óðàâíåíèéÍàâüå�Ñòîêñà íåýêîíîìè÷íî è íå ãàðàíòèðóåò ïðàâèëüíîãî îïèñàíèÿ àñèìïòîòè÷åñêî-ãî ïîâåäåíèÿ ðåøåíèÿ. Á.Þ. Ñêîáåëåâ [7℄ ðàçðàáîòàë ìåòîä èíâàðèàíòíîé êîíå÷íî-ìåðíîé ïðîåêöèè óðàâíåíèé Íàâüå�Ñòîêñà, êîòîðûé ïîçâîëÿåò ïîëó÷àòü íåëèíåéíûåðåøåíèÿ â îêðåñòíîñòè íåéòðàëüíîé êðèâîé â âèäå ñõîäÿùèõñÿ ðÿäîâ. Ñóùåñòâåííûìäîñòîèíñòâîì ìåòîäà èíâàðèàíòíîé ïðîåêöèè ÿâëÿåòñÿ òî, ÷òî îí ãàðàíòèðóåò ïðàâèëü-íîå îïèñàíèå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé (ò. å. ïðè t → ∞), à òàêæå òî, ÷òîíà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ âîçìóùåíèé ëàìèíàðíîãî òå÷åíèÿ ñâîäèòñÿ ê êîíå÷íîìåð-© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.60



Êîíå÷íîìåðíàÿ èíâàðèàíòíàÿ àïïðîêñèìàöèÿ è ïåðèîäè÷åñêèå ðåæèìû... 61íîé ñèñòåìå îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ àíàëèòè÷åñêèìè ïðàâûìè÷àñòÿìè. Ïðàâûå ÷àñòè íàõîäÿòñÿ èç ðåêóððåíòíîé ñèñòåìû ëèíåéíûõ êðàåâûõ çàäà÷.Â äàííîé ðàáîòå ìåòîä èíâàðèàíòíîé êîíå÷íîìåðíîé ïðîåêöèè óðàâíåíèé Íàâüå�Ñòîêñà ïðèìåíÿåòñÿ äëÿ ïëîñêîïàðàëëåëüíîãî òå÷åíèÿ Áëàçèóñà âÿçêîé íåñæèìàåìîéæèäêîñòè íàä ïëîñêîé ïîëóáåñêîíå÷íîé ïëàñòèíîé.1. Ýâîëþöèîííûå óðàâíåíèÿ äëÿ òðåõìåðíûõìîíîãàðìîíè÷åñêèõ ïåðèîäè÷åñêèõ âîçìóùåíèéÂûáåðåì ñèñòåìó êîîðäèíàò òàê, ÷òîáû îñü x áûëà íàïðàâëåíà âäîëü ïëàñòèíû, z-êî-îðäèíàòà � ïîïåðåê ïëàñòèíû, y-êîîðäèíàòà � ïåðïåíäèêóëÿðíî ïëàñòèíå, íà÷àëî êî-îðäèíàò ñîâïàäàåò ñ ïåðåäíåé êðîìêîé ïëàñòèíû.�àññìîòðèì óðàâíåíèå Íàâüå�Ñòîêñà äëÿ çàâèõðåííîñòè:
∂ω

∂t
= (ω · ∇)u− (u · ∇)ω + ν∆ω, (1)è óðàâíåíèå íåðàçðûâíîñòè:

(∇u) ≡
∂u1

∂x
+
∂u2

∂y
+
∂u3

∂z
= 0, (2)ãäå ν � êîý��èöèåíò êèíåìàòè÷åñêîé âÿçêîñòè, x = (x, y, z) � êîîðäèíàòû, u =

(u1, u2, u3) � ñêîðîñòü, ω = (ω1, ω2, ω3) � çàâèõðåííîñòü, ω = ∇× u èëè
ω1 =

∂u3

∂y
−
∂u2

∂z
, ω2 =

∂u1

∂z
−
∂u3

∂x
, ω3 =

∂u2

∂x
−
∂u1

∂y
, ω · ∇ = ω1

∂

∂x
+ ω2

∂

∂y
+ ω3

∂

∂z
.Ïðåäïîëîæèì, ÷òî óðàâíåíèÿ (1) è (2) èìåþò ñòàöèîíàðíîå ðåøåíèå u

(0), ω
(0). Ïîëî-æèì u = u

(0)(y)+ũ, ω = ω
(0)(y)+ω̃. �åøåíèå u óäîâëåòâîðÿåò åñòåñòâåííûì ãðàíè÷íûìóñëîâèÿì íà ïëàñòèíå. Â äàëüíåéøåì áóäóò ðàññìàòðèâàòüñÿ óðàâíåíèÿ äëÿ âîçìóùå-íèé ũ, ω̃, è ïîýòîìó çíàê òèëüäû áóäåì îïóñêàòü. Ïîäñòàâëÿÿ u, è ω â (1), ïîëó÷àåìóðàâíåíèå äëÿ âîçìóùåíèé:

∂ω

∂t
= (ω(0) · ∇)u + (ω · ∇)u(0) − (u(0) · ∇)ω−

−(u · ∇)ω(0) + (ω · ∇)u− (u · ∇)ω + ν∆ω. (3)Äëÿ ïëîñêîïàðàëëåëüíûõ òå÷åíèé ñêîðîñòü u
(0)
1 = U(y) � ïðî�èëü ñòàöèîíàðíî-ãî ðåøåíèÿ, u(0)

2 = u
(0)
3 = 0, à çàâèõðåííîñòü ω(0)

3 = −
dU

dy
, ω

(0)
1 = ω

(0)
2 = 0. Ó÷èòûâàÿ



62 Ò.�. Äàðìàåâñîîòíîøåíèÿ äëÿ ω, à òàêæå óðàâíåíèå (2), è ïðåîáðàçîâûâàÿ (3), ïîëó÷èì ñëåäóþùóþñèñòåìó óðàâíåíèé:


































































(

∂

∂t
+ U

∂

∂x
− ν∆

)

∆u2 −
d2U

dy2

∂u2

∂x
=

=
∂

∂x
[(ω · ∇)u3 − (u · ∇)ω3] −

∂

∂z
[(ω · ∇)u1 − (u · ∇)ω1] ,

(

∂

∂t
+ U

∂

∂x
− ν∆

)

ω2 = (ω · ∇)u2 − (u · ∇)ω2 −
dU

dy

∂u2

∂z
,

(

∂2

∂x2
+

∂2

∂z2

)

u1 = −
∂2u2

∂x∂y
+
∂ω2

∂z
,

(

∂2

∂x2
+

∂

∂z2

)

u3 = −
∂2u2

∂x∂y
−
∂ω2

∂x
.

(4)
Ïîëîæèì äàâëåíèå p = p(0)(y) + p̃, òîãäà èç óðàâíåíèÿ äëÿ ñêîðîñòè, îïóñêàÿ çíàêòèëüäû äëÿ p̃, èìååì































(

∂

∂t
− ν∆

)

u1 + U
∂u1

∂x
− u2

dU

dy
= −

∂p

∂x
− (u · ∇)u1,

(

∂

∂t
− ν∆

)

u2 + U
∂u2

∂x
= −

∂p

∂y
− (u · ∇)u2,

(

∂

∂t
− ν∆

)

u3 + U
∂u3

∂x
= −

∂p

∂z
− (u · ∇)u3.

(5)
�àññìîòðèì òðåõìåðíûå ìîíîãàðìîíè÷åñêèå âîçìóùåíèÿ, ïåðèîäè÷åñêèå ïî ïðî-äîëüíîé êîîðäèíàòå x ñ âîëíîâûì ÷èñëîì α è ïî ïîïåðå÷íîé êîîðäèíàòå z ñ âîëíîâûì÷èñëîì β: ukm

j (y, θkm) = ûkm
j (y)eiθkm, j = 1, 2, 3; −∞ < k,m <∞, θkm = kαx+mβz, i �ìíèìàÿ åäèíèöà.Ïîëîæèì:






uj =
∑

k,m

ukm
j (y, θkm), j = 1, 2, 3;

p =
∑

k,m

pkm(y, θkm)è u00
2 = 0 ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé.Ïîäñòàâëÿÿ uj â óðàâíåíèå íåðàçðûâíîñòè (2) è ïðèðàâíèâàÿ ÷ëåíû ïðè eiθkm , ïî-ëó÷àåì:

kα
∂ukm

1

∂θkm

+mβ(1 − δλ0)
∂ukm

3

∂θkm

+ (1 − δλ0)
∂ukm

2

∂y
= 0,ãäå δ � ñèìâîë Êðîíåêåðà, λ = |k| + |m|.Òàêèì îáðàçîì, óðàâíåíèå íåðàçðûâíîñòè óäîâëåòâîðÿåòñÿ ââåäåíèåì �óíêöèé òîêà:















∂ψkm

∂y
= kαukm

1 +mβukm
3 + δλ0(u

00
1 + cu00

3 ),

(1 − δλ0)
∂ψkm

∂θkm

= −ukm
2 ,

(6)ãäå c � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.



Êîíå÷íîìåðíàÿ èíâàðèàíòíàÿ àïïðîêñèìàöèÿ è ïåðèîäè÷åñêèå ðåæèìû... 63Èç ïîñëåäíèõ äâóõ óðàâíåíèé ñèñòåìû (4) è (6) íàõîäèì:






























ukm
1 =

(1 − δλ0

γ2
km

)

[

kα
∂ψkm

∂y
+ imβωkm

2

]

+ δλ0u
00
1 ,

ukm
2 = −i(1 − δλ0)ψ

km,

ukm
3 =

(1 − δλ0

γ2
km

)

[

mβ
∂ψkm

∂y
− ikαωkm

2

]

+ δλ0u
00
3 ,

(7)
ãäå γ2

km = (kα)2 + (mβ)2, ω2 = (1 − δλ0)
∑

k,m

ωkm
2 (y, θkm).Ñêëàäûâàÿ â (5) óðàâíåíèÿ äëÿ ukm

1 , óìíîæåííîå íà kα, äëÿ ukm
3 � íà mβ (k,m 6= 0),äëÿ u00

1 � íà δλ0 è äëÿ u00
3 � íà cδλ0 , è ó÷èòûâàÿ (7), ïîëó÷èì

(

∂

∂t
− ν∆ + kαU

∂

∂θkm

)

∂ψkm

∂y
− kα

∂U

∂y

∂ψkm

∂θkm
= −cδλ0

[

(uk1m1 · ∇)uk2m2

3

]00
− γ2

km

∂pkm

∂θkm
−

−
[

kα(uk1m1 · ∇)uk2m2

1 +mβ(uk1m1 · ∇)uk2m2

3

]km
− δλ0

[

(ukm · ∇)uk2m2

1

]00
. (8)Èç âòîðîãî óðàâíåíèÿ ñèñòåìû (5) ñ ó÷åòîì (7) ïîëó÷àåì

(

∂

∂t
− ν∆ + kαU

∂

∂θkm

)

∂ψkm

∂θkm

=
∂pkm

∂y
+
[

(uk1m1 · ∇)uk2m2

2

]km
.Èñïîëüçóÿ ñîîòíîøåíèÿ (7), ïðîäè��åðåíöèðóåì ïåðâîå óðàâíåíèå ñèñòåìû (5) ïî y,âòîðîå � ïî θkm, óìíîæèì íà γ2

km è ñëîæèì:
(

∂

∂t
− ν∆̃ + kαU

∂

∂θkm

)

∆̃ψkm − kα
d2U

dy2

∂ψkm

∂θkm

= γ2
km

∂

∂θkm

[

(uk1m1 · ∇)uk2m2

2

]km
−

−δλ0

[

∂

∂y
(uk1m1 · ∇)uk2m2

1

]00

− cδλ0

[

∂

∂y
(uk1m1 · ∇)uk2m2

3

]00

−

−
∂

∂y

[

kα(uk1m1 · ∇)uk2m2

1 +mβ(uk1m1 · ∇)uk2m2

3

]km
, (9)ãäå ∆̃ =

∂2

∂y2
+ γ2

km

∂2

∂θ2
km

.Îáîçíà÷èì:
Zk1k2

≡ (k1k2α
2 +m1m2β

2)
∂ψk1m1

∂y
+ iαβ(m1k2 − k1m2)ω

k1m1

2 ,

Ẑk1k2
≡ (k1k2α

2 +m1m2β
2)
dψ̂k1m1

dy
+ iαβ(m1k2 − k1m2)ω̂

k1m1

2 ,

∆̂ ≡

(

d2

dy2
− γ2

km

)

, Rkm ≡ kαu00
1 +mβu00

3 , Ŷkmc ≡ (kα + cmβ)
dψ̂km

dy
+ i(mβ − ckα)ω̂km

2 ,ãäå ω2 =
∑

k,m

ω̂km
2 (y, t)eiθkm, ψkm = ψ̂km(y, t)eiθkm, ηλ0 = 1 − δλ0, ïðè÷åì ω̂00

2 = 0 è Zk1k2
=

Ẑk1k2
eiθk1m1 .
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j ÷åðåç ψkm è ωkm

2 , ñ ïîìîùüþ (6) è (7) ïîëó÷àåì èç (9):
[

∂

∂t
∆̂ + ikα(U∆̂ −

d2U

dy2
) − ν∆̂2

]

ψ̂km = iγ2
kmηλ10ηλ20

[

Ẑk1k2

γ2
k1m1

ψ̂k2m2 − ψ̂k1m1
∂ψ̂k2m2

∂y

]km

−

−i
ηλ10 ηλ20

γ2
k2m2

[

1

γ2
k1m1

(

Ẑk2k
∂

∂y
Ẑk1k2

+ Ẑk1k2

∂

∂y
Ẑk2k

)

−
∂ψ̂k1m1

∂y

∂Zk2k

∂y
− ψ̂k1m1

∂2Ẑk2k

∂y2

]km

−

−i

(

∂2ψ̂km

∂y2
Rkm − ψ̂km∂

2Rkm

∂y2

)

+ iγ2
kmψ̂

kmRkm − iδλ0

ηλ10ηλ20

γ2
k2m2

×

×

[

1

γ2
k1m1

(

Ŷk2m2c
∂Ẑk1k2

∂y
+ Ẑk1k2

∂Ŷk2m2c

∂y

)

−2ψ̂k1m1
∂2Ŷk2m2c

∂y2
−
∂ψ̂k1m1

∂y

∂Ŷk2m2c

∂y

]00

. (10)Èñïîëüçóÿ (7), èç âòîðîãî óðàâíåíèÿ ñèñòåìû (4) íàõîäèì ωkm
2 :

(

∂

∂t
− ν∆̃ + kαU

∂

∂θkm

)

ωkm
2 =

[

ωk1m1

2

∂uk2m2

2

∂y
+ (k2αω

k1m1

1 +m2βω
k1m1

3 )
∂uk2m2

2

∂θk2m2

−

−(uk1m1 · ∇)ωk2m2

2 −mβ
dU

dy

∂ukm
2

∂θkm

]km

. (11)Îáîçíà÷àÿ
V̂k1k2

≡
1 − δλ10

γ2
k1m1

[

αβ(k2m1 − k1m2)
∂2ψ̂k1m1

∂y2
− i(k1k2α

2 +m1m2β
2)
∂ω̂k1m1

2

∂y

]è ó÷èòûâàÿ, ÷òî
ωk1m1

2

∂uk2m2

2

∂y
= −i(1 − δλ20)ω

k1m1

2

∂ψk2m2

∂y
,ïîëó÷àåì äàëåå

(

∂

∂t
− ν∆̂ + ikαU

)

ω̂km
2 =

[

iηλ20ω̂
k1m1

2

∂ψ̂k2m2

∂y
+ αβ(k1m2 − k2m1)ψ̂

k1m1ψ̂k2m2 +

+ ψ̂k2m2 V̂kk2
− iηλ10

(

1

γ2
k1m1

Ẑk1k2
ω̂k2m2

2 − ψ̂k1m1
∂ω̂k2m2

2

∂y

)]km

+

+ψ̂km ∂

∂y
(kαu00

3 −mβu00
1 ) − iωkm

2 (kαu00
1 +mβu00

3 ) −mβ
dU

dy
ψ̂km. (12)Ó÷èòûâàÿ ω00

2 = 0, ïîëó÷àåì
u00

1 =
∂ψ00

∂y
− cu00

3 . (13)Ñ ïîìîùüþ (5) íàõîäèì óðàâíåíèå äëÿ u00
3 :

(

∂

∂t
− ν

∂2

∂y2

)

u00
3 = i

{

ηλ10ηλ20

γ2
k2m2

[

ψ̂k1m1

(

m2β
∂2ψ̂k2m2

∂y2
− ik2α

∂ω̂k2m2

2

∂y

)

−

−
1

γ2
k1m1

Ẑk1k2

(

m2β
∂ψ̂k2m2

∂y
− ik2αω̂

k2m2

2

)]}00

. (14)



Êîíå÷íîìåðíàÿ èíâàðèàíòíàÿ àïïðîêñèìàöèÿ è ïåðèîäè÷åñêèå ðåæèìû... 65Ñèñòåìà óðàâíåíèé (10), (12)�(14) ïîëíîñòüþ îïðåäåëÿåò âåëè÷èíû ψ̂km, ω̂km
2 , u00

1 è
u00

3 , ïðè ýòîì ñòàâÿòñÿ ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:
ψ̂km(0) =

d

dy
ψ̂km(0) = ψ̂km(∞) =

d

dy
ψ̂km(∞) = 0;

ω̂km
2 (0) = ω̂km

2 (∞) = 0, u00
1 (0) = u00

3 (∞) = 0.
(15)Òàêèì îáðàçîì, íóæíî ðåøèòü ñèñòåìó òðåõ óðàâíåíèé äëÿ ψ̂km, ω̂km

2 è u00
3 , à u00

1íàõîäèòñÿ ïî �îðìóëå (13).Ñèñòåìó óðàâíåíèé (10), (12), (14) ìîæíî çàïèñàòü â âèäå ñèñòåìû ýâîëþöèîííûõóðàâíåíèé äëÿ âåêòîðîâ v
km = (∆̂ψ̂km, ω̂km

2 , δλ0u
00
3 ) â âèäå

dvkm

dt
= −Lkm

ν v
km +Nkm(vjl), −∞ < j, l <∞,èëè â âèäå îäíîãî óðàâíåíèÿ äëÿ âåêòîðà v =

{

v
km(y)eiθkm

}

, −∞ < k,m <∞,
dv

dt
= −Lνv +N(v), (16)ãäå Lν è N � çàìêíóòûå íåîãðàíè÷åííûå îïåðàòîðû â ãèëüáåðòîâîì ïðîñòðàíñòâå H .2. Äâóìåðíàÿ èíâàðèàíòíàÿ ïðîåêöèÿ äëÿ òå÷åíèÿ ÁëàçèóñàÑîãëàñíî òåîðèè, èçëîæåííîé â [7℄, ñïåêòð ρ îïåðàòîðà (−Lν) äîïóñêàåò ðàçáèåíèå:

ρ(ν) = ρ1(ν) ∪ ρ2(ν), ρ1(ν) ∩ ρ2(ν) = ∅, ãäå ρ1(ν) � îãðàíè÷åííàÿ ÷àñòü ñïåêòðà, èñóùåñòâóåò ïðîåêöèîííûé îïåðàòîð Pν òàêîé, ÷òî ïðîñòðàíñòâî H ïðåäñòàâèìî â âèäåïðÿìîé ñóììû îðòîãîíàëüíûõ ïîäïðîñòðàíñòâ:
H = PνH ⊕ (I − Pν)H.Îïåðàòîð (−L1) = −PνLν äåéñòâóåò â ïîäïðîñòðàíñòâå PνH , åãî ñïåêòð îãðàíè÷åíè ðàâåí ρ1(ν). Ñïåêòð íåîãðàíè÷åííîãî îïåðàòîðà (−L2) = −(I − Pν)Lν ðàâåí ρ2(ν).Îãðàíè÷åííàÿ ÷àñòü ñïåêòðà ρ1(ν) ñîñòîèò èç n ïàð ïðîñòûõ èçîëèðîâàííûõ ñîáñòâåí-íûõ çíà÷åíèé (λk, λ̄k), ãäå λ̄k � êîìïëåêñíî-ñîïðÿæåííîå ê λk. Îáîçíà÷èì P (k) ïðîåêòîðíà ñîáñòâåííîå ïðîñòðàíñòâî îïåðàòîðà (−Lν), îòâå÷àþùåå ïàðå ñîáñòâåííûõ çíà÷åíèé

(λk, λ̄k):
P (k)

v = (v, ψk)Hϕk + (v, ψ̄k)Hϕ̄k ≡ yk, (ϕk, ψk) = 1,ãäå ϕk � ñîáñòâåííàÿ �óíêöèÿ îïåðàòîðà (−Lν), ψk � ñîáñòâåííàÿ �óíêöèÿ ñîïðÿ-æåííîãî îïåðàòîðà (−L∗
ν), (., .)H � ñêàëÿðíîå ïðîèçâåäåíèå â êîìïëåêñè�èêàöèè âåùå-ñòâåííîãî ïðîñòðàíñòâà H .Ñèñòåìà óðàâíåíèé (16) ïðèíèìàåò âèä










dyk

dt
= −L(k)yk +N (k)

v, k = 1, 2, ..., n,

dz

dt
= −L2z +N2v,

(17)ãäå v = y1 +y2 + ...+yn + z, z = (I−Pν)v; L(k) = P (k)Lν , N
(k) = P (k)N, N2 = (I−Pν)N .



66 Ò.�. ÄàðìàåâÂâåäåì â ïîäïðîñòðàíñòâàõ P (k)H ïîëÿðíûå ñèñòåìû êîîðäèíàò è áóäåì èñêàòü ðå-øåíèå (17) â âèäå
{

yk = 2Re(r′keiθkϕk) = 2Re(rke
iθkϕk) + Yk(r1, ..., rn, θ1, ..., θn),

z = Z(r1, ..., rn, θ1, ..., θn).
(18)Äèíàìè÷åñêàÿ ñèñòåìà

drk

dt
= (ηk + b(k))rk,

dθk

dt
= (σk + c(k))rk, k = 1, 2, ..., n,îïðåäåëÿåò ïîâåäåíèå òðàåêòîðèé óðàâíåíèÿ (18) íà 2n-ìåðíîì èíâàðèàíòíîì ìíîãîîá-ðàçèè, ãäå λk = ηk+iσk, à b(k), c(k) � íåêîòîðûå �óíêöèè, çàâèñÿùèå òîëüêî îò êîîðäèíàò

rk, θk.Ïðåäåëüíîå ìíîãîîáðàçèå îïðåäåëÿåòñÿ �óíêöèÿìè g∗(r, θ), b(k)(r, θ), c(k)(r, θ) â âèäåðÿäîâ ïî ñòåïåíÿì rk:
g∗ =

∞
∑

|S|=2

gSr
S, b(k) =

∞
∑

|S|=1

b
(k)
S rS, c(k) =

∞
∑

|S|=1

c
(k)
S rS,ãäå gS =

n
∑

k=1

Y S
k + ZS, rS = rs1

1 · rs2

2 · ... · rsn

n , |S| = s1 + ...+ sn. Ôóíêöèè gS îïðåäåëÿþòñÿñëåäóþùåé ðåêóððåíòíîé ñèñòåìîé ëèíåéíûõ óðàâíåíèé:
σ1
∂gS

∂θ1
+ LνgS = −2Re n

∑

k=1

[

(b
(k)
Sk

+ ic
(k)
Sk

)eiθkϕk

]

−
∑

k+p=S

c
(1)
k

∂gp

∂θ1
+NS,

N =
∞
∑

|S|=2

NSr
S, Sk = (s1, ..., sk − 1, ..., sn).

(19)Â ñîîòâåòñòâèè ñ òåîðèåé, èçëîæåííîé â [7℄, ðàññìîòðèì ñîáñòâåííûå âåêòîðû îïå-ðàòîðà (−Lν):
λ + Lνv = 0.Â ïîêîìïîíåíòíîé çàïèñè ýòî óðàâíåíèå ïðèíèìàåò ñëåäóþùèé âèä:



































(λ+ ikαU)

(

d2

dy2
− γ2

km

)

ψ̂km − ikαβ
d2U

dy2
ψ̂km − ν

(

d2

dy2
− γ2

km

)2

ψ̂km = 0,

(λ+ ikαU)ω̂km
2 − ν

(

d2

dy2
− γ2

km

)

ω̂km
2 = −mβ

dU

dy
ψ̂km,

λu00
3 − ν

d2u00
3

dy2
= 0.

(20)
Ëåãêî âèäåòü, ÷òî ïåðâîå óðàâíåíèå � ýòî óðàâíåíèå Îððà�Çîììåð�åëüäà äëÿòðåõìåðíûõ âîçìóùåíèé (λ = −ikαc è áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ïîëîæèòü

k = 1, m = ±1).



Êîíå÷íîìåðíàÿ èíâàðèàíòíàÿ àïïðîêñèìàöèÿ è ïåðèîäè÷åñêèå ðåæèìû... 67Äëÿ äâóìåðíîé èíâàðèàíòíîé ïðîåêöèè ðàññìîòðèì ïåðâîå ñîáñòâåííîå ÷èñëî çàäà-÷è Îððà�Çîììåð�åëüäà λ = η+ iσ. Òîãäà îïåðàòîð (−Lν) èìååò îäíîïàðàìåòðè÷åñêèåñåìåéñòâà ñîáñòâåííûõ �óíêöèé âèäà
ϕ(x, y, z) =

(

∆̃ψ (x, y, z) , ω2 (x, y, z) , 0
)

,

ψ (x, y, z) = f(y)
[

ei(αx+βz) + τei(αx−βz)
]

,

ω2 (x, y, z) = f1 (y)
[

ei(αx+βz) − τei(αx−βz)
]

,

(21)ãäå f(y) � ñîáñòâåííàÿ �óíêöèÿ çàäà÷è Îððà�Çîììåð�åëüäà äëÿ òå÷åíèÿ Áëàçèóñà, à
f1(y) � ðåøåíèå âòîðîãî óðàâíåíèÿ â (20) ïðè k = m− 1.Çíà÷åíèå ïàðàìåòðà 0 ≤ τ ≤ 1 îïðåäåëÿåòñÿ ïîñòàíîâêîé çàäà÷è. Ïðè τ = 1 ìûèìååì äåëî ñ âîçìóùåíèåì â âèäå ñòîÿ÷åé âîëíû â íàïðàâëåíèè z-êîîðäèíàòû:

ψ (x, y, z) = f(y)eiαx cosβz.Ïðè τ = 0 èìååì áåãóùóþ òðåõìåðíóþ âîëíó, ïðè ïðîìåæóòî÷íûõ çíà÷åíèÿõ τ � ñìåñüäâóõ ïðåäûäóùèõ âîçìóùåíèé.Ñîïðÿæåííûé ñîáñòâåííûé âåêòîð ϕ∗km =
(

ψ∗km, ω∗km
2 , δλ0u

∗00
3

) óäîâëåòâîðÿåò ñèñòåìå






























(

λ̄− ikαU
)

(

d2

dy2
− γ2

km

)

ψ∗km − 2ikαU
d

dy
ψ∗km − ν

(

d2

dy2
− γ2

km

)2

ψ∗km = −mβ
dU

dy
ω∗km

2 ,

(

λ̄− ikαU
)

ω∗km
2 − ν

(

d2

dy2
− γ2

km

)

ω∗km
2 = 0,

λ̄u∗003 − ν
d2

dy2
u∗003 = 0.Î÷åâèäíî, ÷òî ñîáñòâåííîìó âåêòîðó ñèñòåìû (21) ñîîòâåòñòâóåò ñîïðÿæåííûé ñîá-ñòâåííûé âåêòîð âèäà

ϕ∗ (x, y, z) = (ψ∗ (x, y, z) , 0, 0) .Çäåñü ψ∗ (x, y, z) = f ∗(y)
(

ei(αx+βz) + τ1e
i(αx−βz)

)

, ãäå f ∗(y) � ðåøåíèå ñëåäóþùåãî (ñî-ïðÿæåííîãî ñ óðàâíåíèåì Îððà�Çîììåð�åëüäà) óðàâíåíèÿ (τ1 ìîæíî ïîëîæèòü ðàâ-íûì íóëþ):
(

λ̄− iαU
)

(

d2

dy2
− α̃2

)

f ∗ − 2iα
dU

dy

df ∗

dy
− v

(

d2

dy2
− α̃2

)2

f ∗ = 0, α̃2 = α2 + β2.Â ñëó÷àå äâóìåðíîé èíâàðèàíòíîé ïðîåêöèè ïðåäåëüíîå ìíîãîîáðàçèå îïðåäåëÿåòñÿ�óíêöèÿìè
g∗ =

∞
∑

|S|=2

gSr
S, b(r) =

∞
∑

n=1

b2nr
2n, c(r) =

∞
∑

n=1

c2nr
2n,

gS =
s
∑

k=−s

gske
ikθ∗ , θ∗ = θ − αx.



68 Ò.�. ÄàðìàåâÈç (19) ïîëó÷àåì ñëåäóþùóþ ðåêóððåíòíóþ ñèñòåìó óðàâíåíèé äëÿ gsk:
ik
[

(σ − αU) ∆k + αD2U
]

gsk −
1Re∆2

kgsk =

= −δk1(bs−1 + ics−1)∆1f − δk,−1(bs−1 − ics−1)∆1 f̄−

−ik
∑

q+p=s

cq∆kgpk − iα
∑

q+p=s

∑

l+j=k

[

lgqlD∆2
jgpj − jDgql∆

2
jgpj

]

, (22)ãäå Re � ÷èñëî �åéíîëüäñà, D ≡
d

dy
, ∆k = D2 − (kα̃)2.Ôóíêöèè gsk óäîâëåòâîðÿþò ñëåäóþùèì ãðàíè÷íûì óñëîâèÿì:

gsk(0) = Dgsk(0) = gsk(∞) = Dgsk(∞) = 0.Áóäåì èñêàòü ðåøåíèÿ (18) â êëàññå 2π-ïåðèîäè÷åñêèõ �óíêöèé îò θk, óäîâëåòâîðÿ-þùèõ óñëîâèÿì îðòîãîíàëüíîñòè âèäà
2π
∫

0

e−iθ∗ (gs,ϕ
∗)B dθ

∗ = 0, (23)ãäå ϕ
∗ � ñîáñòâåííûé âåêòîð ñîïðÿæåííîãî îïåðàòîðà (−L∗

ν), à ñêàëÿðíîå ïðîèçâåäåíèå
(·, ·)B â äàííîì ñëó÷àå èìååò âèä

(

x(1), x(2)
)

B
=

2π/α
∫

0

dx

2π/β
∫

0

dz

∞
∫

0

(

x
(1)
1 · x̄

(2)
1 + x

(1)
2 · x̄

(2)
2 + x

(1)
3 · x̄

(2)
3

)

dy,

x1 = ψ, x2 = ω2, x3 = u00
3 .Òàê êàê g

mk
S � âåêòîð âèäà

gS =
(

∆̂ψmk
s , ωmk

2s , δλ0u
00
33)
)

(s ≥ 2),òî óñëîâèå îðòîãîíàëüíîñòè (23) ïðèíèìàåò ñëåäóþùèé âèä:
∞
∫

0

f̄ ∗

(

d2

dy2
− α̃2

)

ψ11
s dy = 0.Íîðìèðóåì f ∗ è f óñëîâèåì

∞
∫

0

f̄ ∗

(

d2

dy2
− α̃2

)

fdy = 1.Òîãäà êîý��èöèåíòû bs, cs îïðåäåëÿþòñÿ �îðìóëîé
bs−1 + ics−1 =

∞
∫

0

f̄ ∗

[

(

N11
s

)

1
− i

∑

q+p=s

cq

(

d2

dy2
− α̃2

)

ψ11
s

]

dy,ãäå ÷åðåç (N11
s )1 îáîçíà÷åíà ïðàâàÿ ÷àñòü óðàâíåíèÿ (10) äëÿ ψ11

s .



Êîíå÷íîìåðíàÿ èíâàðèàíòíàÿ àïïðîêñèìàöèÿ è ïåðèîäè÷åñêèå ðåæèìû... 693. ×èñëåííûå ðàñ÷åòûÀìïëèòóäà ïåðèîäè÷åñêèõ ðåæèìîâ îïðåäåëÿåòñÿ èç óðàâíåíèÿ
µ+

N
∑

n=1

b2nA2n = 0, N → ∞,ãäå µ = ασ � ëèíåéíûé êîý��èöèåíò íàðàñòàíèÿ.�åêóððåíòíàÿ ñèñòåìà (22) äëÿ íàõîæäåíèÿ êîý��èöèåíòîâ bs ïðè N = 2, 3, 4, 5 ðå-øàëàñü ìåòîäîì îðòîãîíàëüíîé ïðîãîíêè [8℄ íà íåðàâíîìåðíîé ðàçíîñòíîé ñåòêå, ñãó-ùàþùåéñÿ â ïîãðàíè÷íîì ñëîå.Â äàííîé ðàáîòå ïðîâîäèëîñü ÷èñëåííîå èññëåäîâàíèå ïîïåðå÷íûõ âîçìóùåíèé
(β = 0). Â ðåçóëüòàòå âû÷èñëåíèé âûÿâèëàñü ñëåäóþùàÿ êàðòèíà (ðèñ. 1). Ïðè íåêîòî-ðîì çíà÷åíèè âîëíîâîãî ÷èñëà α = α∗ îò íèæíåé âåòâè ëèíåéíîé íåéòðàëüíîé êðèâîéòå÷åíèÿ Áëàçèóñà (ðèñ. 1 � ñïëîøíàÿ ëèíèÿ) îòâåòâëÿþòñÿ óñòîé÷èâûé è íåóñòîé÷èâûéðåæèìû. Íåóñòîé÷èâûé ðåæèì ñîîòâåòñòâóåò âåðõíåé ÷àñòè, à óñòîé÷èâûé � íèæíåé÷àñòè àìïëèòóäíîé ïîâåðõíîñòè. Íà ðèñ. 2 ïðåäñòàâëåí ñðåç àìïëèòóäíîé ïîâåðõíî-ñòè ïðè α = 0.206906. Ïðè íåêîòîðûõ ÷èñëàõ �åéíîëüäñà ïðîèñõîäèò ñëèÿíèå ýòèõðåæèìîâ â òî÷êàõ òàíãåíöèàëüíîé áè�óðêàöèè [9℄, ñîîòâåòñòâóþùèõ òî÷êàì ñêëàäêèâ òåîðèè êàòàñòðî� [10℄. Ñ íåêîòîðîãî α ïåðåäíÿÿ ñêëàäêà àìïëèòóäíîé ïîâåðõíîñòèèç íå�èçè÷åñêîé îáëàñòè îòðèöàòåëüíûõ çíà÷åíèé êâàäðàòîâ àìïëèòóä âûõîäèò â îá-ëàñòü ïîëîæèòåëüíûõ çíà÷åíèé. Ýòè òî÷êè ïåðåäíèõ ñêëàäîê, ïîëó÷åííûå ÷èñëåííûìèðàñ÷åòàìè ïðè β = 0, îòîáðàæåíû íà ðèñ. 1 ïóíêòèðîì. Ñ óâåëè÷åíèåì α àìïëèòóäíàÿïîâåðõíîñòü ïåðèîäè÷åñêèõ ðåøåíèé îòðûâàåòñÿ îò ëèíåéíîé íåéòðàëüíîé êðèâîé, èïðè íåêîòîðîì çíà÷åíèè α ïåðèîäè÷åñêèå ðåøåíèÿ èñ÷åçàþò.

�èñ. 1. Ëèíåéíàÿ è íåëèíåéíàÿ íåéòðàëüíûåêðèâûå �èñ. 2. Ñðåç àìïëèòóäíîé ïîâåðõíîñòè ïðè
α = 0.206906Â ðàáîòå [11℄ áûëè ïðîâåäåíû ýêñïåðèìåíòû ïðè ìàëûõ çíà÷åíèÿõ âîëíîâîãî ÷èñ-ëà α è âûÿñíåíî, ÷òî ëèíåéíàÿ òåîðèÿ äîñòàòî÷íî õîðîøî îïèñûâàåò ðàçâèòèå òàêèõâîçìóùåíèé. �åçóëüòàòû äàííîé ðàáîòû ïîêàçûâàþò, ÷òî òðåáóþòñÿ òùàòåëüíûå èññëå-äîâàíèÿ â îáëàñòè çíà÷åíèé α > α∗ äëÿ îáíàðóæåíèÿ íîâûõ íåëèíåéíûõ ý��åêòîâ âýêñïåðèìåíòàõ.
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