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A modified method is applied for an asymptotic analysis of Markovian systems

aimed at investigation of a mathematical model for a casual access network. It results

in a differential equation determining the asymptotic average meaning for a number

of messages on a source of repeated calls. The formulas determining the probability

distribution of service states are given.Èññëåäóåì ìàòåìàòè÷åñêóþ ìîäåëü ñåòè ñëó÷àéíîãî äîñòóïà [1℄. Â [2℄ ðàññìîòðåíàìàòåìàòè÷åñêàÿ ìîäåëü ïàêåòíîé ðàäèîñåòè, èñïîëüçóåìîé â ñèñòåìå âèäåîíàáëþäåíèÿäëÿ ïåðåäà÷è öè�ðîâûõ äàííûõ, ñ ïîòåðåé èñêàæåííûõ âèäåîñèãíàëîâ ñ ðåêóððåíòíûìâõîäÿùèì ïîòîêîì. Àíàëèç ìàòåìàòè÷åñêîé ìîäåëè ñåòè ïåðåäà÷è äàííûõ ïî ðàäèîêà-íàëó ïîçâîëèë îïðåäåëèòü ïðåäåëüíûå âîçìîæíîñòè ðàññìàòðèâàåìîãî ïðîòîêîëà äî-ñòóïà è ïîëó÷èòü àíàëèòè÷åñêèå âûðàæåíèÿ, îïðåäåëÿþùèå çàâèñèìîñòè äëÿ îñíîâíûõêîëè÷åñòâåííûõ õàðàêòåðèñòèê êà÷åñòâà �óíêöèîíèðîâàíèÿ îáñëóæèâàþùåé ñèñòåìû,ò. å. âûðàçèòü èõ ÷åðåç âåëè÷èíû, õàðàêòåðèçóþùèå âõîäÿùèé ïîòîê è îáñëóæèâàþùóþñèñòåìó.Îñíîâíûì îòëè÷èåì ðàññìàòðèâàåìîé â äàííîé ñòàòüå ìîäåëè îò èññëåäîâàííîéðàíåå â [2℄ ÿâëÿåòñÿ òî, ÷òî çàÿâêè, ïîïàâøèå â êîí�ëèêò, íå òåðÿþòñÿ, à ïåðåõîäÿòâ èñòî÷íèê ïîâòîðíûõ âûçîâîâ (ÈÏÂ). Èòàê, ïîñòðîèì ìàòåìàòè÷åñêóþ ìîäåëü ñåòèñëó÷àéíîãî äîñòóïà â âèäå ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ îïîâåùåíèåì îêîí�ëèêòå, íà âõîä êîòîðîé ïîñòóïàåò ðåêóððåíòíûé ïîòîê çàÿâîê ñ �óíêöèåé ðàñ-ïðåäåëåíèÿ A(z). Çàÿâêà, çàñòàâøàÿ ïðèáîð ñâîáîäíûì, íåìåäëåííî íà÷èíàåò îáñëó-æèâàòüñÿ. Ïðîäîëæèòåëüíîñòü îáñëóæèâàíèÿ ñëó÷àéíàÿ, èìååò ýêñïîíåíöèàëüíîå ðàñ-ïðåäåëåíèå ñ ïàðàìåòðîì µ1. Åñëè ïðèáîð çàíÿò, òî îáñëóæèâàåìàÿ è îáðàòèâøàÿñÿ êïðèáîðó çàÿâêè âñòóïàþò â êîí�ëèêò è ïåðåõîäÿò â ÈÏÂ. Îò ìîìåíòà âîçíèêíîâåíèÿêîí�ëèêòà íà ïðèáîðå ðåàëèçóåòñÿ ýòàï îïîâåùåíèÿ î êîí�ëèêòå, ïðîäîëæèòåëüíîñòüêîòîðîãî èìååò ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì µ2. Ïîñëå çàâåðøåíèÿýòàïà îïîâåùåíèÿ î êîí�ëèêòå ïðèáîð âíîâü ñòàíîâèòñÿ ñâîáîäíûì. Âñå çàÿâêè â ÈÏÂîñóùåñòâëÿþò ñëó÷àéíóþ çàäåðæêó, ïîñëå êîòîðîé ïîâòîðíî îáðàùàþòñÿ ê îáñëóæèâà-þùåìó ïðèáîðó. Âðåìÿ ïðåáûâàíèÿ â ÈÏÂ çàÿâîê èìååò ýêñïîíåíöèàëüíîå ðàñïðåäå-
© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.106



Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè ñåòè ñëó÷àéíîãî äîñòóïà. . . 107ëåíèå ñ ïàðàìåòðîì γ. Îïðåäåëèì ñîñòîÿíèå ÑÌÎ âåêòîðîì (k(t), i(t), z(t)), ãäå k(t) �ñîñòîÿíèå ïðèáîðà:
k(t) =











0, ïðèáîð ñâîáîäåí,
1, ïðèáîð çàíÿò,
2, ïðèáîð â ñîñòîÿíèè êîí�ëèêòà;

i(t) �� ÷èñëî çàÿâîê â ÈÏÂ; z(t) � äëèíà èíòåðâàëà îò ìîìåíòà t äî ìîìåíòà ïðèõîäàñëåäóþùåãî òðåáîâàíèÿ âî âíåøíåì âõîäÿùåì ïîòîêå.Î÷åâèäíî, ïðîöåññ (k(t), i(t), z(t)) èçìåíåíèÿ ñîñòîÿíèé ÑÌÎ âî âðåìåíè ÿâëÿåòñÿìàðêîâñêèì. �àñïðåäåëåíèå âåðîÿòíîñòåé
Pk(i, z, t) = P (k(t) = k, i(t) = i, z(t) < z)óäîâëåòâîðÿåò ñëåäóþùåé ñèñòåìå [3℄:

∂P0(i, z, t)

∂t
=

∂P0(i, z, t)

∂z
−

∂P0(i, 0, t)

∂z
− iγP0(i, z, t) + µ1P1 (i, z, t) + µ2P2(i, z, t),

∂P1(i, z, t)

∂t
=

∂P1(i, z, t)

∂z
−

∂P1(i, 0, t)

∂z
− (µ1 + iγ)P1(i, z, t) + A(z)

∂P0(i, 0, t)

∂z
+

+(i + 1)γP0(i + 1, z, t),

∂P2(i, z, t)

∂t
=

∂P2(i, z, t)

∂z
−

∂P2(i, 0, t)

∂z
− µ2P2(i, z, t) + A(z)

∂P2(i − 1, 0, t)

∂z
+

+A(z)
∂P1(i − 2, 0, t)

∂z
+ (i − 1)γP1(i − 1)γP (i − 1, z, t).

(1)
�åøåíèå Pk(i, z, t) ñèñòåìû (1) äîñòàòî÷íî ïîëíî îïðåäåëÿåò �óíêöèîíèðîâàíèå ìà-òåìàòè÷åñêîé ìîäåëè ñåòè ñëó÷àéíîãî äîñòóïà, îäíàêî òî÷íûõ àíàëèòè÷åñêèõ ìåòîäîâðåøåíèÿ òàêîé ñèñòåìû íå ñóùåñòâóåò. Ïîýòîìó äëÿ èññëåäîâàíèÿ ïîëó÷åííîé ñèñòå-ìû ïðåäëîæåí ìîäè�èöèðîâàííûé ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà ìàðêîâèçèðóåìûõñèñòåì [4℄.Â íîâûõ îáîçíà÷åíèÿõ

γ = ε, tε = τ, iε = x,
1

ε
Pk(i, z, t) = πk(x, z, τ, ε)ñèñòåìà (1) ïðèìåò âèä

ε
∂π0(x, z, τ, ε)

∂τ
=

∂π0(x, z, τ, ε)

∂z
−

∂π0(x, 0, τ, ε)

∂z
− xπ0(x, z, τ, ε) + µ1π1(x, z, τ, ε)+

+µ2π2(x, z, τ, ε),

ε
∂π1(x, z, τ, ε)

∂τ
=

∂π1(x, z, τ, ε)

∂z
−

∂π1(x, 0, τ, ε)

∂z
− (µ1 + x)π1(x, z, τ, ε)+

+A(z)
∂π0(x, 0, τ, ε)

∂z
+ (x + ε)π0(x + ε, z, τ, ε),

ε
∂π2(x, z, τ, ε)

∂τ
=

∂π2(x, z, τ, ε)

∂z
−

∂π2(x, 0, τ, ε)

∂z
− µ2π2(x, z, τ, ε)+

+A(z)∂π2(x−ε,0,τ,ε)
∂z

+ A(z)
∂π1(x − 2ε, 0, τ, ε)

∂z
+ (x − ε)π1(x − ε, z, τ, ε).

(2)



108 Á.Å. Ñåéñåíáåêîâ, À.Í. ÒóåíáàåâàÂ ñèñòåìå (2) ïåðåéäåì ê ïðåäåëó ïðè ε → 0, ïîëàãàÿ
lim
ε→0

πk(x, z, τ, ε) = πk(x, z, τ), k = 0, 2.Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
∂π0(x, z, τ)

∂z
−

∂π0(x, 0, τ)

∂z
− xπ0(x, z, τ) + µ1π1(x, z, τ) + µ2π2(x, z, τ) = 0,

∂π1(x, z, τ)

∂z
−

∂π1(x, 0, τ)

∂z
− (x + µ1)π1(x, z, τ) + xπ0(x, z, τ) + A(z)

∂π0(x, 0, τ)

∂z
= 0,

∂π2(x, z, τ)

∂z
−

∂π2(x, 0, τ)

∂z
− µ2π2(x, z, τ) + xπ1(x, z, τ)+

+A(z)

{

∂π1(x, 0, τ)

∂z
+

∂π2(x, 0, τ)

∂z

}

= 0.�åøåíèå πk(x, z, τ) ýòîé ñèñòåìû áóäåì èñêàòü â âèäå
πk(x, z, τ) = Rk(z)π(x, τ), k = 0, 2. (3)Ôóíêöèÿ πk(x, z, τ) èìååò ñìûñë àñèìïòîòè÷åñêîé ïëîòíîñòè ðàñïðåäåëåíèÿ âåëè÷èíûíîðìèðîâàííîãî ÷èñëà iε çàÿâîê â ÈÏÂ, à Rk(z) � ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñîñòî-ÿíèé ïðèáîðà. Äëÿ �óíêöèé Rk(z) èìååò ìåñòî ñèñòåìà óðàâíåíèé

R′

0(z) − R′

0(0) − xR0(z) + µ1R1(z) + µ2R2(z) = 0,
R′

1(z) − R′

1(0) − (x + µ1)R1(z) + xR0(z) + A(z)R′

0(0) = 0,
R′

2(z) − R′

2(0) − µ2R2(z) + xR1(z) + A(z) {R′

1(0) + R′

2(0)} = 0.
(4)Îáîçíà÷èâ

R(z) = R0(z) + R1(z) + R2(z),
R′(0) = R′

0(0) + R′

1(0) + R′

2(0),â ñèñòåìå (4) ïðîñóììèðîâàâ âñå óðàâíåíèÿ, ïîëó÷èì
R′(z) − R′(0) + {R′

0(0) + R′

1(0) + R′

2(0)}A(z) = 0.Îòêóäà
R(z) = R′(0)

z
∫

0

(1 − A(y))dy. (5)Ïðè z → ∞ îáîçíà÷èì
lim
z→∞

Rk(z) = Rk. (6)Ó÷èòûâàÿ óñëîâèå íîðìèðîâêè 2
∑

k=0

Rk = 1, èç (5) ïîëó÷àåì
R(z) =

1

a

z
∫

0

(1 − A(y))dy. (7)Çäåñü a =

∞
∫

0

(1 − A(y))dy � ñðåäíåå çíà÷åíèå äëèíû èíòåðâàëà ìåæäó ìîìåíòàìè íà-ñòóïëåíèÿ ñîáûòèé âõîäÿùåãî ðåêóððåíòíîãî ïîòîêà. Íå íàðóøàÿ îáùíîñòè, ìîæíî



Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè ñåòè ñëó÷àéíîãî äîñòóïà. . . 109ïîëîæèòü a = 1. Èñïîëüçóÿ (7), îäíî èç óðàâíåíèé ñèñòåìû (4) ìîæíî èñêëþ÷èòü èïåðåïèñàòü ñèñòåìó â âèäå
R′

1(z) = (2x + µ1)R1(z) + xR2(z) + f1(z),
R′

2(z) = −xR1(z) + µ2R2(z) + f2(z),
(8)ãäå

f1(z) = R′

1(0) + {R′

1(0) + R′

2(0) − 1}A(z) − xR(z),
f2(z) = R′

2(0) − {R′

1(0) + R′

2(0)}A(z).
(9)Âûðàçèì ðåøåíèå R1(z), R2(z) ñèñòåìû (8) ÷åðåç R′

1(0), R′

2(0). Äëÿ ýòîãî çàïèøåìõàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ îäíîðîäíîé ñèñòåìû â âèäå
α2 − (2x + µ1 + µ2)α + x2 + 2xµ2 + µ1µ2 = 0.Äèñêðèìèíàíò óðàâíåíèÿ èìååò âèä

(2x + µ1 + µ2)
2 − 4(2x + µ1)µ2 − 4x2 =







> 0, µ1 > µ2, µ1 + 4x < µ2,

= 0, µ1 = µ2, µ1 + 4x = µ2,

< 0, µ1 < µ2 < µ1 + 4x.Ïóñòü õàðàêòåðèñòè÷åñêèå ÷èñëà α1 6= α2, òîãäà �óíêöèè R1(z) è R2(z) îïðåäåëÿþòñÿêàê
R1(z) = C1(z)V

(1)
1 eα1z + C2(z)V

(2)
1 eα2z,

R2(z) = C1(z)V
(1)
2 eα1z + C2(z)V

(2)
2 eα2z.

(10)Çäåñü âåëè÷èíû V
(k)
1 è V

(k)
2 ÿâëÿþòñÿ ðåøåíèÿìè îäíîðîäíûõ ñèñòåì ëèíåéíûõ àëãåá-ðàè÷åñêèõ óðàâíåíèé

(2x + µ1 − αk)V
(k)
1 + xV

(k)
2 = 0,

−xV
(k)
1 + (µ2 − αk)V

(k)
2 = 0,ñëåäîâàòåëüíî, ìîæíî ïîëàãàòü

V
(k)
1 = µ2 − αk, V

(k)
2 = x. (11)Ôóíêöèè C1(z) è C2(z) îïðåäåëÿþòñÿ ñèñòåìîé

C ′

1(z)V
(1)
1 eα1z + C ′

2(z)V
(2)
1 eα2z = f1(z),

C ′

1(z)V
(1)
2 eα1z + C ′

2(z)V
(2)
2 eα2z = f2(z).Îòñþäà

C1(z) =
1

α2 − α1

z
∫

0

e−α1y

{

f1(y) −
µ2 − α2

x
f2(y)

}

dy,

C2(z) =
1

α2 − α1

z
∫

0

e−α2y

{

µ2 − α1

x
f2(y) − f1(y)

}

dy,



110 Á.Å. Ñåéñåíáåêîâ, À.Í. Òóåíáàåâàïîýòîìó èç (10) è (11) ïîëó÷àåì
R1(z) =

µ2 − α1

α2 − α1
eα1z

z
∫

0

e−α1y

{

f1(y) −
µ2 − α2

x
f2(y)

}

dy+

+
µ2 − α2

α2 − α1

eα2z

z
∫

0

e−α2y

{

µ2 − α1

x
f2(y) − f1(y)

}

dy,

R2(z) =
x

α2 − α1
eα1z

z
∫

0

e−α1y

{

f1(y) −
µ2 − α2

x
f2(y)

}

dy+

+
x

α2 − α1
eα2z

z
∫

0

e−α2y

{

µ2 − α1

x
f2(y) − f1(y)

}

dy.

(12)
Òàê êàê ñóùåñòâóþò ïðåäåëû (6) è õàðàêòåðèñòè÷åñêèå ÷èñëà αk > 0, âûïîëíÿþòñÿñëåäóþùèå ðàâåíñòâà:

∞
∫

0

e−α1y

{

f1(y) −
µ2 − α2

x
f2(y)

}

dy = 0,

∞
∫

0

e−α2y

{

µ2 − α1

x
f2(y) − f1(y)

}

dy = 0,êîòîðûå â ñèëó (9) çàïèøåì â âèäå
{xα1 + xα2

1a(α1) + (µ2 − α2)α
2
1a(α1)}R′

1(0)+
+ {xα2

1a(α1) + (µ2 − α2)α1(α1a(α1) − 1)}R′

2(0) = x2(1 − α1)a(α1),
{xα2 + xα2

2a(α2) + (µ2 − α1)α
2
2a(α2)}R′

1(0)+
+ {xα2

2a(α2) + (µ2 − α1)α2(α2a(α2) − 1)}R′

2(0) = x2(1 − α2)a(α2),

(13)
ãäå a(α) =

∞
∫

0

e−αyA(y)dy.Ïîëó÷åííàÿ íåîäíîðîäíàÿ ñèñòåìà (13) ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îäíî-çíà÷íî îïðåäåëÿåò çàâèñèìîñòü âåëè÷èí R′

1(0) è R′

2(0) îò x. Âûïîëíèâ ïðåäåëüíûé ïå-ðåõîä z → ∞ â ðàâåíñòâàõ (12), çàïèøåì
R1 =

µ2 {R
′

2(0) − (1 + x)R′

1(0) − 2} − x

x2 + 2xµ2 + µ1µ2
,

R2 =
(1 + x)x − 2xR′

1(0) + (µ1 + x)R′

2(0)

x2 + 2xµ2 + µ1µ2
.

(14)Ñóììèðóÿ óðàâíåíèÿ ñèñòåìû (2) è ïîëàãàÿ z → ∞, ïîëó÷èì
ε
∂π(x, τ, ε)

∂τ
= −ε

∂

∂x

{

xπ1(x, τ, ε) − xπ0(x, τ, ε) + 2
∂π1(x, 0, τ, ε)

∂z
+

∂π2(x, 0, τ, ε)

∂z

}

+ o(ε),ãäå π(x, τ, ε) = π0(x, τ, ε) + π1(x, τ, ε) + π2(x, τ, ε).



Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè ñåòè ñëó÷àéíîãî äîñòóïà. . . 111Ïîäåëèâ ýòî ðàâåíñòâî íà ε è ó÷èòûâàÿ, ÷òî ïðè ε → 0 πk(x, τ, ε) → πk(x, τ), ïî-ëó÷àåì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, ñîâïàäàþùåå ñ âûðîæäåííûì óðàâíåíèåìÔîêêåðà � Ïëàíêà, îòíîñèòåëüíî π(x, τ):
∂π(x, τ)

∂τ
= −

∂

∂x

{

xπ1(x, τ) − xπ0(x, τ) + 2
∂π1(x, 0, τ)

∂z
+

∂π2(x, 0, τ)

∂z

}èëè, ó÷èòûâàÿ (3),
∂π(x, τ)

∂τ
= −

∂

∂x
{π(x, τ) [x(R1 − R0) + 2R′

1(0) + R′

2(0)]} .Îòñþäà
x′(τ) = x{2R1 + R2} + 2R′

1(0) + R′

2(0) − x,ãäå R1 è R2 îïðåäåëåíû â (14), à R′

1(0) è R′

2(0) � â (13).Òàêèì îáðàçîì, èìååì îáûêíîâåííîå äè��åðåíöèàëüíîå óðàâíåíèå îòíîñèòåëüíî�óíêöèè x = x(τ).Â ðåçóëüòàòå èññëåäîâàíèÿ ïîëó÷åíî äè��åðåíöèàëüíîå óðàâíåíèå, îïðåäåëÿþùååàñèìïòîòè÷åñêîå ñðåäíåå çíà÷åíèå ÷èñëà çàÿâîê â èñòî÷íèêå ïîâòîðíûõ âûçîâîâ, ïðèâå-äåíû �îðìóëû, îïðåäåëÿþùèå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñîñòîÿíèé ïðèáîðà. Çíàíèåðàñïðåäåëåíèÿ âåðîÿòíîñòåé îáåñïå÷èâàåò íàèáîëåå ïîëíîå, â âåðîÿòíîñòíîì ñìûñëå,îïèñàíèå �óíêöèîíèðîâàíèÿ ìîäåëè, òåì ñàìûì çíàíèå ðàñïðåäåëåíèÿ ñîñòîÿíèé èñ-ñëåäóåìîé ñåòè äàåò âîçìîæíîñòü ïðîãíîçèðîâàòü è êîíòðîëèðîâàòü ñëó÷àéíûå ïðîöåñ-ñû, ïðîòåêàþùèå â ñåòÿõ.Ñïèñîê ëèòåðàòóðû[1℄ Òóåíáàåâà À.Í. Êîìïüþòåðíûå ñåòè ñëó÷àéíîãî äîñòóïà. Àñòàíà: Èçä-âî ÅÍÓ, 2006.105 ñ.[2℄ Íàçàðîâ À.À., Òóåíáàåâà À.Í. Èññëåäîâàíèå ìàòåìàòè÷åñêîé ìîäåëè ñèñòåìû âèäåî-íàáëþäåíèÿ ñ ïîòåðåé èñêàæåííûõ âèäåîñèãíàëîâ ïðè ðåêóððåíòíîì âõîäÿùåì ïîòîêå //Âåñò. Òîì. ãîñ. óí-òà. 2006. � 19. Ñ. 156�157.[3℄ Íàçàðîâ À.À., Òåðïóãîâ À.Ô. Òåîðèÿ ìàññîâîãî îáñëóæèâàíèÿ: Ó÷åá. ïîñîáèå. Òîìñê:Èçä-âî ÍÒË, 2005. 228 
.[4℄ Íàçàðîâ À.À., Ìîèñååâà Ñ.Ï. Ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà â òåîðèè ìàññîâîãîîáñëóæèâàíèÿ. Òîìñê: Èçä-âî ÍÒË, 2006. 112 ñ. Ïîñòóïèëà â ðåäàêöèþ 28 ìàðòà 2008 ã.


