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A new generalized staircase model of the electrochemical impedance is presented

for porous electrode materials in energy storage devices. A brief overview on existing
models of interfacial impedance and their limitations is given. The new model is based
on the conventional staircase model of the impedance in cylindrical pores. However,
the new model takes into account the complex porous structure of electrode materials.
In particular, the impedance of hierarchical branching porous electrodes is described,
i.e. the wide pores branching into the narrower pores. The new model allows to
evaluate the impedance of the electrode/electrolyte interface in the presence of both
non-faradaic and faradaic processes. The model is validated using the available ex-
act solutions and experimental data for simple pore geometries. The influence of the
parameters of structure of model porous electrodes on their performance in superca-
pacitors is studied. In particular, the influence of the diameter of the pores, width
of pore openings, branching of pores is analyzed. The guideline for focused design of
electrode materials of supercapacitors is outlined.
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Introduction

Transition toward the renewable energy sources is an important challenge of

the present

days. Renewable solar and wind energy sources are intermittent by character, therefore
their utilization requires reversible and efficient energy storage devices [1]. Electrochemical
energy storage devices (EESD), such as batteries and supercapacitors, are among the most
efficient and environmentally friendly existing energy storage technologies. In particular,
supercapacitors have significantly higher power output and longer cycle life, but lower energy

density, comparing to modern batteries [2].

The performance of supercapacitors depends on the properties of their electrode materi-
als, in particular, on the charge capacitance, mass specific and volume specific capacitances,
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and material response rate to voltage modulation [3]. Understanding the dependence of
these parameters on the structural characteristics of electrode materials, such as porosity
and specific surface area (SSA) is important for the focused design of new materials with
improved electrochemical performance.

The electrochemical performance of supercapacitor electrode materials is determined by
the characteristics of physicochemical processes on electrode/electrolyte interface. Therefore,
studying these characteristics is vitally important for designing electrode materials with
strong electrochemical performance.

The electrochemical impedance spectroscopy is a powerful tool for studying the processes
on electrode/electrolyte interface [4]. Measuring the impedance spectra, i.e. the interfacial
impedance dependency on the frequency of potential modulation, allows to probe the pa-
rameters of various interfacial processes occurring at different rates. The extraction of the
characteristics of interfacial processes from experimental impedance spectra requires proper
mathematical models.

For a flat electrode, there exist simple mathematical models with analytical solutions.
However, for the electrode materials with complex geometries, such as porous electrodes
of supercapacitors, there was no mathematical model, which could take into account the
complex porous structure of the material.

The current work presents the generalized staircase model, which is a new multi-paramet-
ric mathematical model of an interfacial impedance of porous electrode materials. The model
takes into account the parameters of complex pore structure, such as diameter and length
of the pores, their geometry and branching. The model can be adapted to describe various
interfacial processes, such as adsorption/desorption and electrochemical reactions.

The model is validated using the available exact solutions and experimental data for
simple pore geometries. This allows applying the model to complex structures with several
pore types and multiple pore branching. The influence of various structural parameters
on the impedance is studied and the guideline for focused design of electrode materials of
supercapacitors is outlined.

The paper is organized as follows. The first section reviews the mathematical models
of interfacial impedance for various interfacial processes, such as adsorption, charge trans-
fer and diffusion. The limitations of existing models are discussed. In the second section
the generalized staircase model of interfacial impedance for electrodes with complex porous
structures in the presence of various interfacial processes is presented. The third section
presents the model validation and its application to complex porous structures. The influ-
ence of various parameters of porous structure on electrochemical performance of materials
in supercapacitors is evaluated.

1. Models of interfacial impedance

Electrochemical impedance measurement is a powerful tool to study the properties of elec-
trode/electrolyte interface, in particular, the interfacial capacitance. The electrochemical
impedance Z is measured as a function relating the electrochemical potential E and the
electrical current I passing through the interface:

E(w) = Z(w) x I(w). (1)

Generally, a small periodic modulation of electrode potential E = Ej - sin(wt) is applied
and the current through electrode/electrolyte interface I = I - sin(wt + ¢) is measured. Here



32 S. N. Pronkin, N. Yu. Shokina

w = 27 f is the angular frequency, f is the modulation frequency and ¢ is the phase shift
angle between E and 1.

In order to obtain the characteristics of interfacial processes with various rates, the
impedance Z is measured at various modulation frequencies f. Typically, the impedance
diagrams are presented in the form of Nyquist plots (—Im(Z) vs Re(Z)) or Bode plots
(log|Z| vs log f). The analysis of impedance spectra allows to identify the processes tak-
ing place on the interface and to evaluate their characteristics by applying a corresponding
mathematical model of impedance.

1.1. The impedance of the processes on a flat electrode/electrolyte interface

First, the impedance of a flat electrode/electrolyte interface will be presented below, which
allows to neglect the influence of the geometry of the interface. This influence will be
discussed later in the next subsections.

A modulation of electrode potential can result in a number of interfacial processes. In su-
percapacitor electrodes, two types of interfacial processes occur: ions adsorption/desorption
and interfacial charge transfer. The interfacial processes are also classified as non-faradaic
and faradaic. In non-faradaic process, neither electrolyte species, nor electrode components
change their oxidation states, i.e. no electrochemical reduction-oxidadion (redox) faradaic
process takes place.

Below the impedance models of the interfacial processes typical for supercapacitor elec-
trodes are presented.

1.1.1. Non-faradaic adsorption/desorption of electrolyte species on electrode
surface

Adsorption of ions on electrode surface results in the formation of electrical double layer
(EDL) [5] and a charge accumulation on the interface, similar to a capacitor. Thus, the

interfacial impedance of this process is given by:
1

Zo = ) 2
¢ idel ( )

Here Cy; is the so-called double layer capacitance [5]. For a flat electrode/electrolyte interface,
Cy can be calculated by the equation for the capacitance of a 2-plate capacitor:

gepA
d

Here ¢ is the apparent dielectric constant of the interface, d is the thickness of the EDL, A
is the surface area of the interface. Cj is the surface specific interfacial capacitance, which
depends on the nature of the interface. Generally, C is found in the range of 5-30 uF /cm?.

The equation shows that for Z¢ phase angle ¢ = 90° (the curve 1 in Fig. . Ca
value can be calculated by fitting the experimental data Z using .

Cu = — C,A. (3)

1.1.2. Interfacial charge transfer: Faradaic interfacial reaction

If at least one component of electrolyte or electrode changes its oxidation state due to the
potential modulation, the redox faradaic process takes place at the electrode/electrolyte
interface:

Ox + ne~ —= Red. (4)
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Fig. 1. The schematic representation of the Nyquist diagram for the non-faradaic impedance Z¢
of: 1 — the flat electrode ; 2 — the semi-infinite cylindrical pore; 3 — the finite cylindrical
pore; 4 — the electrode with pores of different diameters

If the electrode potential is close to the equilibrium potential EQ_ /Red then for a small
potential modulation, I changes linearly with E similar to Ohm’s law. Thus, the impedance
of interfacial charge transfer can be approximated by the charge transfer resistance R.; with
»=0:

RT

R, = —.
! nFig

(5)

Here g is the exchange current rate, which is related to the kinetic parameters of the reac-

tion :
ip = FAkoCH" Chieas (6)

where Co, and Cgreq are the concentrations of Ox and Red in the electrolyte, « is the
symmetry factor for the reaction , 0 < a < 1, kg is the heterogeneous rate constant of
the reaction .

According to , @, the value of R, depends on the concentration of Ox and Red.
If the reaction is fast, then the interfacial concentrations of reagents are not the same
as in the electrolyte. The rate of the fast reaction is influenced by the diffusion rate
of reagents to/from the interface. This influence is reflected in the appearance of an ad-
ditional component of impedance in the serial combination with R, namely, the Warburg
impedance Zyy:

Zf :Rct+zfu)7 (7)

o o
z7,=—+—. 8
Vw o iyw (8)
The parameter o is called the Warburg constant and related to the parameters of ion diffusion
in the electrolyte:

RT 1 1
7= n2F2A\2 (Cox\/D_ox - CRedm) ' ®)
Here Doy and Dgeq are diffusion coefficients of Ox and Red in the electrolyte.
From it can be seen that the Warburg impedance Z,, has the phase angle ¢ = 45°,
because Re(Z,,) = Im(Z,,).



34 S. N. Pronkin, N. Yu. Shokina

1.1.3. Impedance of the interfacial charge storage

The interfacial impedance depends on the processes taking place on the interface, both
faradaic and non-faradaic. The formation of the EDL is one of main mechanisms of charge
storage in the supercapacitors. In particular, supercapacitors relying on non-faradaic mech-
anisms of charge storage (namely, ions adsorption) are called electrochemical double-layer
capacitors (EDLC). A typical electrode material in EDLC is the porous carbon with very
high specific surface area, in general above 2000 m?/g. These materials demonstrate high
conductivity and electrochemical stability, resulting in high power output, short charging
times and long cycling life. However, their specific energy density is limited due to a low
surface specific capacitance of the carbon surface C; &~ 5 uF/cm?. Thus, the specific capac-
itance of carbon electrode materials seldom exceeds 200 F/g.

In order to overcome the limitations related to the low surface specific capacitance Cy, the
materials with faradaic mechanism of charge storage are utilized. In particular, nanoparticles
of transition metal oxides (TMO) can be deposited on carbon surface. In general, TMO
have a much higher surface specific capacitance due to the phenomena of electrolyte ion
intercalation into the bulk of oxide particles. This mechanism of charge storage in the
oxide materials is known as pseudocapacitance. The pseudocapacitance results in charge
accumulation in electrode materials due to ion intercalation, retarded by slow kinetics of
interfacial ion charge/discharge. The devices utilizing these types of materials are called
pseudocapacitors.

If no faradaic reaction occurs on a flat electrode/electrolyte interface, then its impedance
can be modelled as a serial combination of Ry and Cy;, where R; depends on the conductivity
of an electrolyte and geometry of the electrochemical system. R; contains no information on
interfacial processes. R can be easily measured as a limit of Z(w) at high f and subsequently
excluded from the further analysis.

If a redox process occurs on the interface, then the interfacial impedance includes a
faradaic impedance component Z;. At a small potential modulation, Cy and Z; can be
considered as independent components. Therefore, the interfacial impedance can be modelled
as their parallel combination (Fig. [2| a).

The simplest case of a faradaic process is the reversible electrochemical reaction. This
reaction is controlled by its kinetics and the diffusion of electrolyte components. Therefore,

b
a Rct
Ca . W
[ |
i Il Rct Cads
—|_ — Zr= —{ -z,

R Cps
— -

Fig. 2. a — The model equivalent circuit of the impedance of the flat electrode/electrolyte interface
in the presence of a faradaic process. The models of the faradaic impedance Z: b — the Randles
model; ¢ — the Melik — Gaykazyan model; d — pseudocapacitance model
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Z; is modelled by the Randles circuit (Fig. , b). The circuit consists of a serial combination
of 2 components: R, and Zyy .
The Randles model predicts that lim (Z) = R; and lin%(Z) = Ry + Ry + Z,. This
w—r

w—r00
behavior was observed, for example, for the reversible redox transformation of the Fell / Felll.
cyanide complex on the Au polycrystalline electrode [13]. Fitting the experimental impedance
spectra by the Randles model allows to determine kg, Doy and Dgeq for a reversible faradaic
process on the flat electrode.

For more complex reactions, the advanced models of faradaic impedance have to be
used. For example, if the reaction involves the formation of adsorbed intermediate, then
the reaction results in accumulation of charge on the interface and adds a capacitive com-
ponent to Z;. The impedance of this process is described by the Melik — Gaykazyan model
impedance [6] (Fig. 2] ¢).

The interfacial faradaic impedance related to the pseudocapacitance can be modelled as
a serial combination of R, related to the slow kinetics of interfacial reaction , and Cps,
related to the capacitance of ions intercalation (Fig. [2] d).

1.2. Models of impedance of porous electrodes

The models from Subsection describe the impedance of a flat uniform electrode/elec-
trolyte interface, for which the current lines are parallel, evenly distributed, and perpendic-
ular to the interface. However, the materials with rough surfaces and the porous materials
are commonly used in the EESD in order to increase surface and volume specific energy
densities.

In order to model the impedance of supercapacitor electrodes, the influence of porous
structure has to be taken into account for any mechanism of the interfacial charge storage.
The impedance of the interface inside a pore is often modelled by the staircase-type equivalent
circuit (Fig. |3)).

According to the DeLevi theory [4], for the infinitely long cylindrical pore, the interfacial
impedance is described by the following equation:

Z, = \/R|Z|c"/>. (10)

Here R is the electrolyte resistance per unit length within the pore, Z is the impedance of the
pore wall/electrolyte interface, ¢ is the phase angle of Z. predicts that the interfacial

Ry
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Pore length

Fig. 3. The staircase equivalent circuit of the impedance model for a single pore. The highlighted
elements form the repeating pattern along the pore
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impedance inside the pore has the phase angle equal to the half of the impedance of a flat
electrode. For example, for the non-faradaic impedance Z,; the DeLevi model predicts
a constant phase angle ¢ = 45°.

When applying the staircase model to the analysis of a pore with a finite length [, it
is convenient to define a length A of the penetration of the potential modulation into the
pore [§]:

1 | od,

Here o is the conductivity of the electrolyte (in Ohm~'-m™'), d, is the pore diameter, and
C is the surface specific interfacial capacitance.

From it follows that A increases with a decrease in the modulation frequency f =
w/2m. Thus, A > [, for the frequencies below a certain threshold fy. If A > [,, then the
potential modulation is uniform along the whole length of the pore, and the pore impedance
is the same as the impedance of a flat electrode with the same surface area. In this case, one
observes a change from the shift angle ¢ = 45° at f > fy to ¢ = 90° for f < f in the Nyquist
diagram (Fig. 1} 3). This transition is often observed for the porous carbon electrodes (for
example, in [15]). In general, the transition is much less sharp and occurs over a certain
range of frequencies (see Fig. , 4) due to the presence of the pores with various diameters
and shapes [8} |9].

The staircase model allows to correctly fit the experimental impedance spectra of
the porous electrodes in the absence of faradaic processes and determine the capacitance
Cai- Moreover, the average pore length [, can be estimated from the f, value, providing that
the average diameter d, of the pores is known from the other methods.

In the model it is assumed that individual pores are not interconnected. Therefore,
the staircase circuit is applied independently to each pore. The supercapacitors electrode
materials, for example, the activated carbon, often have hierarchical pores: the larger pores
branch into several smaller pores of next generation, which can branch further. The hier-
archical porous structure makes the application of the staircase model more complicated,
because the staircase circuits of pores from different generations are no longer independent.

The model of branching pores was proposed in [10] by introducing 2 generations of pores:
the large (um size) voids between carbon particles and the narrower (sub-pm size) internal
pores. The larger pores were branching into n smaller pores, and the length and diameter of
smaller pores were scaled by a; and a4 factors in comparison to the parent pores. Fitting the
experimental spectra allowed to estimate the branching factor n and scaling factors a;, aq4.
However, these values have to be considered as estimates only, because the porous structure
is more complex.

The model |10] also demonstrates that the pores branching is counter-productive for
efficient utilization of the capacitance of porous electrodes. Indeed, the capacitance of the
interface of the porous electrode decreased in comparison to the capacitance of a flat electrode
Cy with the increase of the branching factor n. This conclusion is an important guiding rule
for material science in the optimization of the structure of electrode materials. However, the
unambiguous analysis of the influence of various structural parameters is difficult because
of their interdependence. In particular, in [10] the porosity of electrode material and the
length scaling factor a; were fixed. The increase of the branching factor led to narrowing
of the pores of the next generation. This narrowing led to the decrease of the modulation
penetration depth , and, thus, to the decrease of the efficiency of pore surface utilization.
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Fig. 4. The sketch of an electrode with the hierarchical porous structure with 3 generations of
pores

It has to be mentioned that the model assumed the serial connection of a parent
pore and its branches: such as if the pores were branching only at their bottoms. This
allowed to utilize the same polarization conditions for all pores of the same generation, thus,
simplifying the model. In reality, however, the branches can appear over the whole length
of a pore (Fig. [4)).

In the following subsection the improved model of the impedance of a porous electrode
is presented. This model utilizes a staircase circuit and takes into account the presence of
3 generations of branching pores. The model with 3 generations of pores describes well the
structure of porous carbon electrode materials. However, it is important to note the model
can be extended to include any number of pores generations. The pores of 2" and 3"
generations are formed by branching a parent pore. The branches are uniformly distributed
over the length of the parent pore. The faradaic impedance of pseudocapacitance is also
included into the staircase model, allowing to describe the porous electrodes of pseudoca-
pacitors. Thus, this new model is named as “generalized staircase model”. The model is
designed to predict the influence of the structural parameters of electrode materials on their
performance in supercapacitors. Namely, the influence of the pores lengths and diameters,
the porosity of the material, and the branching factors is evaluated.

2. Generalized staircase model

The sketch of the electrode material is depicted in Fig. 4l The material is assumed to have
3 hierarchical generations of pores. The pores of the 2" and 3™ generations are the branches
of the parent pores and evenly distributed over the length of a parent pore. The pores of 3"
generation are terminal: they have no branches.

Each generation of the pores has 2 characteristic parameters: a pore length [,; and a
pore diameter d,;, where 7 is a generation index. The surface area of the individual pore of
the i generation is given as

2
de’i

Ai = de,ilp,i + 4

(12)
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Neglecting the surface of the material outside the pores, the total surface area of the material
is calculated as the surface area A, of all pores:

A, = Ni(Ay + P12As + B12P23A3). (13)

Here, 12 and (o3 are the branching factors: 12 = No/ Ny, faz = N3/ Ny, where Ny, No, N3
are the numbers of pores of the 1%, 2"d and 3! generations correspondingly. The factors
12 and (o3 are the model parameters, whereas N7 is calculated as

B m-SSA
Ay + Br1aAs + B12Pa3As’

where m is the mass of the deposit (in g), SSA is the specific surface area of the electrode
material (in m?/g).

The impedance of the pores of each generation is modelled by the staircase circuit as
described below.

(14)

N

2.1. Model of an individual pore of the 3¢ (terminal) generation

The Fig. 5[ shows the equivalent circuit utilized in the generalized staircase model for the
impedance Zs, of an individual pore of the 3™ generation (a pore with the smallest diameter
and no branches). The pore is divided into K = 2" identical segments. The value n = 10
is used for all calculations, as it was found that further increase in n does not change the
results of modelling.

For the pore with the diameter d, and the length /,, the length of a segment is 6, = [,,/ K,
the surface area of the walls of a segment is A, = nd,6; = nd,l,/K, and the surface of the
bottom of the pore is A, = md? /4.

Pore length

v

Fig. 5. The equivalent circuit applied in the generalized staircase model. The highlighted area
corresponds to the repetitive pattern of the circuit. The inset depicts the model of the faradaic
impedance related to the pseudocapacitance
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A single segment has the interfacial impedance Zg. It is computed using the EDL capaci-
tance Cy s of the walls of the segment. If the model includes also a faradaic impedance, then
the faradaic impedance Zy  of the segment walls is added in parallel to Cy 5. Therefore, in
the presence of pseudocapacitance the total impedance of the segment walls is given by the

following equations:

L1 (15)
ZS N iwC’dl,S Zf757

Cdl,s == CSAS == Csﬁdp%. (16)

The faradaic impedance Zy ; is related to the pseudocapacitance and modelled as a serial
combination of the charge transfer resistance R.;s and the capacitance Cp;; (see the inset
of Fig. 5)):

1
Z s — Rc s : . 17
f, t,s + iwC (17)
Both R s and C); s are calculated for the whole surface area A of the segment walls:
RT RTK
Rt s = : = : 5 (18)
’ nligAs  m™Figdyl,
dplp
Cps,s = CpsAs = mC)4 (19)

7
The final segment of the pore contains the contribution from its walls (Zs) as well as
the contribution from the pore bottom (Z,;). The parameters of the impedance Z of the
bottom, namely, Cyp and Zy,, are calculated using the equations same as f, but
with the bottom surface area A, instead of the wall surface area A,.
Thus, the impedance Zg of the last segment of the pore is calculated according to the
circuit in Fig. [ as follows:

1
Zig =R, + 1_|_—1 (20)
Zs Zs,b
Here R; is the resistance of the electrolyte inside a segment of the pore:
1 9 l
R, = L= £ (21)

Eﬂ'd% B mod2 K ’
where o is the conductivity of the electrolyte.

The part of the pore containing last two segments (K and K — 1) has the impedance
Zi_q:

1
1 1
Z, 7
In general, the impedance of the part of the pore containing i segments (counting from the
bottom of the pore, i. e. segments from i to K) is calculated by the recursive equation similar

to 22):

ZK*l - Rs + (22)

1

Zi= R+ 14— (23)

1
Z. " Zin
Thus the total impedance of a pore of the 3™ generation with K segments is equal to the
impedance of the pore with all segments from 1 to K: Z3, = Z;.
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2.2. Impedance of pores of the 1% and 2"! generations

The impedance of the pores of the 1% and 2"¢ generations is calculated by the same gener-
alized staircase model as for the pores of 3'% generation, except that the contribution of the
impedance of the next generations is taken into account.

The interfacial impedance of each segment of the pores of the 1%* and 2°¢ generations is
modelled by the circuit depicted in Fig. [6]

For example, an individual pore of the 2°¢ generation is branched into 3.3 pores of the
3! generation. The total impedance of (3 parallel pores with impedance Zs, is equal to
Zs,/PBa3. 1t is assumed that the branch pores are uniformly distributed over the whole length
of the parent pore. Thus, each segment of the parent pore contains an average additional
impedance element Z* due to the impedance of the next generation pores. For the pores of
the 2! and the 1% generations this additional element is given by the following corresponding
equations:

* Z39K
Z2g - 623 ) (24)
* ZQQK

where Zs, and Z,, are the total impedances of the individual pore of the 3" or 2" generation
correspondingly.

Thus, according to the circuit in Fig. [0, the interfacial impedance Z; of a segment of a
pore of the 15 or 2" generation is calculated as

1 1 1 1
Zs B iwC’dl’S + Zf7s + Z*’ (26)

where Z* denotes Z7, or Z3, for the pores of 15% or 2" generations correspondingly.

Physically, this approach to account for a contribution of the impedance of branch pores
is equivalent to adding a branch pore with impedance equal to Z3, or Zj, to each of K
segments.

differs from for Z, for the pores of 3" terminal generation by the 1/Z* term.
Besides this difference, the rest of the calculation of the impedance of an individual pore is
the same for all generations.

Finally, the total impedance of all pores of the material is calculated as the total impedance
of all Ny pores of the 15 generation:

_Zy

Z, =5

(27)

Cars

Rct CPS
— ||
L]

Z*

Fig. 6. The equivalent circuit modelling the interfacial impedance of a segment of an individual
pore of the 15 and 2" generations
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A new generalized staircase model of the electrochemical impedance was implemented in
the original software package “IMPerial”, developed by the authors. “IMPerial” is a modular
software for multiparametric modelling of interfacial impedance in the presence of various
electrochemical phenomena.

3. Results and discussion

The parameters of the materials of the electrode and electrolyte utilized in the calculations
are listed in Table.

SSA = 230 m?/g is close to the value for the carbon Vulcan XC-72, often utilized as
electrode material. This carbon black material consists of the small primary carbon particles
(ca. 30 nm) filled by the micropores with an average diameter d < 2 nm [11]. The primary
particles form the agglomerates with the size equal to 100-300 nm, which include the pores
with the diameters equal to 2-20 nm. The agglomerates form the large (um size) chain-
like structures containing the macropores with the diameter d > 50 nm. Following this
description, 3 types of pores of the model carbon material (see Fig. [4)) can be considered as
3 generations in the generalized staircase model:

e micropores (d, 3 = 0.7 nm), representing the apex and terminal branches of the inner

pores inside the primary particles;

e small mesopores (d,» = 3 nm), representing the major population of pores inside the

primary particles;

e large mesopores (d,; = 30 nm), representing the opening mouth of the smaller meso-

pores and the zones of contacts between primary particles.

According to the classification of Eikerling [14], the diameters of the pores of the 1%
and 2" generations correspond to the secondary and primary pores of the carbon electrode
materials in fuel cells. These pores are important for efficient accessibility of the electrode/
electrolyte interface. In the generalized staircase model, the micropores (3¢ generation)
are also added, because their presence is known to be beneficial for the performance of the
supercapacitors [12]. On the other hand, the presence of a large population of macropores
(d ~ 150 nm) in Vulcan XC-72 is neglected. These macropores make a relatively small
contribution to the overall SSA of the carbon material and behave as a flat electrode under
the conditions of the potential modulation utilized in the EIS measurements.

The lengths of the pores of the 2"¢ and 3" generations are the variables of the model. The
length of large mesopores (1% generation) is fixed to 0.1 pum, i.e. these pores are relatively
short and represent the openings of pores within the agglomerates. The macropores branch
into narrower and longer (3 zm) mesopores of the 2°¢ generation.

The parameters of materials used in calculations

Parameter | Value

SSA 230 m?/g

o 2Sm!

Cs 5 uF /cm?
Chs 300 pF /cm?
Pe 2 g/cm’

m lg
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In order to evaluate the performance of a porous material as supercapacitor electrodes,
the measurable capacitance of the material is calculated as —1/w - Im(Zp) and the surface
specific calculated capacitance C; . as

1 1

Coc = CAyw-Im(Zp)

(28)

One of the main characteristics of the supercapacitor electrode material is the volume specific
capacitance Cy [2], because it depends on both surface specific capacitance Cy and porosity
of the material. Thus, Cy is the outcome parameter of calculations:

Cy =Cy. SSA-p, (29)

where p is the calculated density of the material.

_m_ m . m
_%_‘/;)_l—‘/::_‘/p_FE.

Cc

p (30)

Here m is the mass of the material, V; is the total volume of the material, V}, the total volume
of the pores in the material, V, is the volume of the compact part of the material, p. is the
compact density of the material (e.g. the density of the non-porous material; in calculations
pe = 2 g/cm?®, which is a typical value for the compact graphite materials). Parameters m
and p, are fixed model parameters (see Table), while V,, is calculated similarly to 4, (L3):

V=1 Ni(dily 4 Bradsls + Bi2Basd3ls). (31)

The impedance Z, is calculated for the wide range of frequencies f: from 0.1 mHz to 100 kHz.
The most relevant range of f for the operation of supercapacitors is from ca. 0.1 Hz to ca.
100 Hz (or the range of log,, f is from —1 to 2).

Below the influence of various structural parameters of a porous system on its electro-
chemical properties, in particular, C'y, is analyzed. In order to decrease the number of varied
parameters, the diameters of different generations of the pores d;, ds, d3 and the length of
the 15 generation of pores [; are fixed. Thus, the computations are focused on the influence
of I3 and I3, as well as the total pore length and the branching factors (512, [a3.

3.1. Simple model systems: effects of pore diameter, geometry, and branching

At first, the generalized staircase model was applied to the simple configurations of pores
depicted in Fig. [7]

The results of the calculations for the model systems A, B, and C, containing 1 type of
pores (12 = [a3 = 0), are shown in Fig. [ The pore length was | = 3.2 um. The results
were presented as the Nyquist plots of impedance (—Im(Z) vs. Re(Z)) and the Bode plots
of Cv.

The Nyquist plots demonstrate the expected transition from ¢ = 45° at the frequencies
higher than the threshold value fy to ¢ = 90° at the frequencies f < f;. The threshold fy
decreases with the pore diameter . In the Bode plots one observes the transition from
the constant Cy at f < fy to the varying Cy, which decreases with the frequency f > fo.
As expected, the narrower pores have higher values of C'y, due to the higher density of the
material: p = 1.513 g/cm? for d = 0.7 nm, p = 0.136 g/cm?® for d = 30 nm. The narrower
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Fig. 8. The Nyquist plots (a) and the Bode plots (b) of the model systems. Dashed lines: the model
systems with 1 generation of pores (812 = f23 = 0) and various pore diameter d. Solid lines (except
blue and cyan): the model systems with 3 generations of non-branching pores (512 = 523 = 1) and
the same pore diameter d. Blue lines: the model system with non-branching pores and decreasing
pore diameters. Cyan line: the model system with branching factors 12 = 2, S23 = 5 and decreasing
pore diameters

pores also have a lower threshold frequency f; and a stronger loss of Cy, with increase of f.
Thus, at certain f > fy, for the pores with d = 3 nm, the values of C, are predicted to be
higher than the values for the pores with d = 30 nm (Fig. 8} b).

In order to validate the model, these results are compared with calculations for the model
system with 3 generations of non-branching (“consecutive”) pores (12 = P23 = 1) with the
same diameter d; = dy = d3 (Fig. . For the data in Fig. , the lengths of the pores of the
15¢, 274 and 3" generations are [; = 0.1 ym, I, = 3 pum, 3 = 0.1 pm. The total length of a
single pore for the given model system is [, = l; 4l + I3 = 3.2 pum, which is the same as in
the model system with 1 generation of pores.

As expected, the results of the calculations for these two model systems coincide well
except for a slight negligible deviation observed in the Nyquist plots for low frequencies.
This slight deviation characterizes a small and acceptable inaccuracy of the new model with
3 generations related to the uniform spreading of the impedance of branch pores over the
length of a parent pore.
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It was also verified that if all 3 generations of non-branching pores have the same diameter,
then the results were the same for all models with the same total pore length, independently
of the relative lengths of pores of each generations. Indeed, the results of calculations for
the model system with {; = 3 um, ls = I3 = 0.1 pm coincide with the results for the model
systems with [y = 3 = 0.1 um, [y =3 pm, and l; =l = 0.1 pm, I3 = 3 pum.

The results for the model system D with non-branching pores, with different diameters
d; = 30 nm, dy = 3 nm, d3 = 0.7 nm and the lengths I; = I3 = 0.1 um, I, = 3 pum are
shown in Fig. |8 as blue lines. The Nyquist plots for this model system show a more complex
behavior, indicating the influence of all 3 generations of the pores. The phase shift angle ¢ is
larger than 45° even at relatively high frequencies, while the transition to the behavior with
¢ = 90° is less sharp comparing to the system with d = 3 nm (red lines). Such behavior
of the Nyquist plots is similar to the one predicted for the conical pores with decreasing
diameter [8].

In comparison to the system B with straight pores, the system D with wide pore openings
has a significantly lower density (0.841 and 0.372 g/cm?® correspondingly). Thus, if the
frequencies f are not too high, then the system D shows the lower values of Cy. The
threshold frequency fy for this system is close to the model system B with d = 3 nm (red
line), despite of the narrower apex of the pores of the system D (d3 = 0.7 nm). A narrower
apex is expected to result in a lower fy, however, this effect is weak and undetectable. On
the other hand, due to a wider mouth of the pore d; = 30 nm, the decrease of C'y in high
frequency range is significantly lower in comparison to the system B (d = 3 nm). Above a
certain frequency, the values of Cy of the system D with wide pore openings are bigger than
those of the system B with straight pores.

Finally, the results for the model system E with the same dimensions of 3 generations of
pores as in the system D, but with the branching factors 52 = 2 and a3 = 5, are shown
in Fig. [§] (cyan lines). As a branching pore has a higher surface area than a non-branching
pore, the number of pores in the system E is lower than in the system D. This results in
a higher density (0.498 and 0.372 g/cm? correspondingly), and, thus, higher values of Cy .
Also, the value of the threshold frequency fy of the system E falls in the interval between the
values for the systems with 1 generation of pores and the diameters d = 3 and d = 30 nm.

This proves that the modelled branching porous structure is more favorable for effi-
cient surface utilization than a non-branching structure at least in the considered frequency
range. The increased efficiency can be qualitatively explained by the fact that for the same
frequency f, and thus, the same penetration depth A, the system with 55 = 2 has ca. 2 times
higher surface area than a system with non-branching pores. However, for high frequencies,
the efficiency of non-branching pores becomes comparable with branching pores. This can be
explained by a stronger contribution of the wider mouths of pores to the total pore surface
area in the non-branched pores.

Summing up, the following conclusions are made from the comparison of the mod-
els A-E.

e Straight and narrow (micro-)pores provide the highest interfacial capacitance at least at
moderate potential modulation rates. For the applications requiring high power output
(fast discharging rates), narrow mesopores might be more efficient than micropores.

e The presence of wide opening of the pores (“hierarchical” pores: wider pores trans-
forming to the narrower ones) results in the smaller losses of capacitance with the
potential modulation rate increase. However, the material density and the related val-
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ues of C'y decrease. Thus, the wide opening of the pores might be not favorable for
the applications requiring a high energy density.

e Comparing to a system with non-branching pores, the system with branching pores
and same pores dimensions has a similar dependence of capacitance on the modulation
rate. However, pores branching results in a higher material density (lower porosity)
for the same SSA and higher values of Cy,. Therefore, the branching of pores appears
to be favorable for better material performance as supercapacitor electrodes.

In the next Subsection the influence of the structure of porous systems, namely, the pores
diameter, length, and branching factors on the material performance is analyzed in details.

3.2. Evaluation of influence of structural porosity parameter
on material efficiency

3.2.1. Effect of pore “mouth”

First, the systems with the same total length of the non-branching pores I, = {1 +ls + I3 =
1.2 pum were modelled (see Fig. @ The system F1 with the straight micropores with the
diameter d = 0.7 nm was compared to the systems F2-F4 with wide pore openings, modelled
as short (0.1 pm) segments with various diameters at the mouths of pores. The comparison
of the results for the systems F1-F4 is given in Fig.

The Nyquist plots of the system with straight pores with d = 0.7 nm (black lines in
Fig. show the typical behavior described in the Subsection : a transition from ¢ = 45°
at f > foto ¢ =90°at f < fy. For the same threshold fj, the Bode plots show the transition
in the behavior of Cy: from the independence of f for f < f; to the decrease with increase
of f for f > fo.

Adding the short wide opening segments to the mouths of the pores shifts fy to slightly
higher frequencies and decreases the loss of Cy at higher f. These effects are stronger for
wider openings. On the other hand, the presence of a wide opening increases the material
porosity and decreases the material density: p = 1.51, 1.23 and 0.175 g/cm? for the sys-
tems F1 (no wider opening), F2 (opening segment with d = 3 nm) and F3 (opening segment
with d = 30 nm) correspondingly. The lower density results in the lower values of Cy at low
and moderate frequencies. Thus, under low and moderate potential modulation rates the
pores without wide openings are more favorable for supercapacitors.

F1 F2 F4
3.0 nm 30 nm

oo
— =
=T
BB

1.2 pm

0.7 nm

Fig. 9. The sketches of the pore model systems F1-F4



46 S. N. Pronkin, N. Yu. Shokina

a b
20+
0.05—_ —o— 1 =0 pm, lp=0 pm, I3=1.2 pm g
—a— 1 =0 pm, l2=0.1 pm, I3=1.1 pm k!
11 =0.1 pm, lp=0 pm, I3=1.1 pm R
004__ | —4— 11 =0.1 pm, lo=0.1 pm, I3=1.0 pum 1
: 15+
Il T
= 003 5
3 0.03- | S
RS 1 3 . ﬁ-{h 10
N | ~
5 0.021 i O
— 1 11 =0 pm, lg=0 pm, I3=1.2 pm
| | .-' 1 ——11=0 pm, 1=0.1 pm, I3=1.1 um
1 J / 54 11 =0.1 pm, l3=0 pm, I3=1.1 pm
0.01f—** 1
. ] o i 1 11 =0.1 pm, l2=0.1 pm, I3=1.0 pm
:'/!,’/ | " ————
T ] L B . B L= | 0 LELE RALLY DR S R EA L B T ELRE AL, R SR AR ERLELLLL AL B
0.00 0.01 0.02 0.03 0.04 0.05 0.1 1 10 100 1000 10000 100000
Re(Z), Ohm f, Hz

Fig. 10. The Nyquist plots (a) and the Bode plots (b) of the model systems with 3 generations of
non-branching pores with the diameters d; = 30 nm, do = 3 nm, d3 = 0.7 nm. The relative lengths
of the segments were varied, while the total pore length was kept constant l,, = [y +lo+13 = 1.2 ym

3.2.2. Influence of pores branching

In order to evaluate the effect of pores branching on the capacitance of porous materials, the
sets of systems with pores of the same dimensions (I; = 0.1 pum, d; = 30 nm, [y = 3.0 pum,
dy =3 nm, l3 = 0.1 pm, d3 = 0.7 nm) and varied branching factors are modelled. The first
set (G) has the fixed a3 = 5 and varied (5 from 1 to 100, and the second set (H) has the
fixed B2 = 5 and varied (23 from 1 to 100 (Fig. . The Bode plots are shown in Fig. .

For all model systems, very close values of f, are obtained, close to one of the system B
(pores with [ = 3.2 ym, d = 3 nm, red lines in Fig. . The increase of branching factors
increases the loss of Cy at high potential modulation rates. However, it also increases the
density of the material. For example, for fo3 = 5 the increase of 15 from 1 to 10 and further
up to 100 results in the increase of the material density from 0.375 to 0.734 and further up
to 0.840 g/cm?.

It may seem to be counter-intuitive that a system with stronger pore branching has a
higher density. However, it can be rationalized as follows. Pore branching results in higher
surface area of each individual pore, and thus, for the same SSA, a smaller amount of pores
is required. This means the lower porosity and the higher density of the material. The

G n R H -
1 # //// / 248
b Fl N *\/ / / = \/ /) .
@ A A4 dd A dT)L 3
P12=2, Pas=5 P12="5, Paz=5 P12=5, Baz=2

Fig. 11. The sketches of the model system sets G and H
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Fig. 12. The Bode plots for the systems G with varied 12 (a) and the systems H with varied
P23 (b). The lengths of the pores are: {1 = 0.1 pm, ly = 3.0 pm, I3 = 0.1 pm

effect of the increased material density is predominant in the wide range of f. Only at very
high f (above 10 kHz) the materials with a lower ;5 demonstrate a higher Cy. For the
increase of (o3, the effect of stronger loss of Cy at higher frequencies is even less pronounced.
This is explained by the fact that the contribution of terminal pores is smaller at the higher
frequencies due to the short modulation penetration depth.

Thus, it is concluded that in general pore branching is a favorable strategy to increase
the capacitance of porous materials for supercapacitors with non-faradaic impedance, for
example for the EDLC.

Below the model predictions for the systems with faradaic impedance are evaluated.
These systems are relevant for the electrode materials for pseudocapacitors.

3.3. Influence of faradaic impedance

The generalized staircase model was applied to calculate the impedance of porous electrodes
with faradaic impedance involved in energy storage. The interfacial impedance in this case
was modelled as the impedance of a parallel connection of the capacitive impedance Zy =
Zc—c,, and the faradaic impedance Zy = Re + Zc—c,, (Fig. .

The Nyquist plots clearly shows the influence of the faradaic impedance, especially at
low frequencies, even for the relatively low values of ig (the exchange rate of electrochemical
reaction), i.e. for the relatively high R, . As the rate iy increases, the predominance of
Z; over Zg becomes pronounced also at higher frequencies. However, the Bode plots show
that the contribution of C,; becomes significant only for high ¢y and for low or moderate
frequencies. For example, for the system with a very fast charge transfer rate (ip = 50
mA /cm?) and high Cps = 300 uF/cm?, the contribution of C),s becomes noticeable only at
f < 100 Hz, even though the |Zy| > |Zy| already at f < 1000 Hz.

Fig. compares the Nyquist and the Bode plots for the porous systems with varied
branching factor fs3, while 815 = 2 was fixed. The Nyquist plots are practically identical,
except slight deviations observable in the high frequency range (see inset of Fig. a). It
has to be reminded that data in the Nyquist plots, namely, —Im(Z,) vs Re(Z;), do not
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Fig. 13. The Nyquist plots (a) and the Bode plots (b) for the model system with typical structural
parameters: d; = 30 nm, {3 = 0.1 um, do = 3 nm, Iy = 3 pum, d3 = 0.7 nm, I3 = 0.1 pm, F12 = 2,
B23 = 5, in the presence of the faradaic impedance
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Fig. 14. The Nyquist plots (a) and the Bode plots (b) for the model system with faradaic impedance
(Cps = 300 uF /em?, ip = 50 mA /cm?) for the varied branching factor Ba3 (B12 = 2 was fixed)

reflect the changes in material porosity. This shows that the influence of branching factor
on the total impedance in the presence of the faradaic impedance is negligible. It can be
explained by the fact that faradaic impedance becomes predominant in the low frequency
range, where the penetration depth A is close or larger than the pore length [, and the effects
of pore geometry are weak. In this case, one can expect that the main effect of branching
factor increase on the capacitance of the materials with faradaic impedance is related to the
changes in the material porosity and density. Indeed, the Bode plots in Fig. [14] demonstrate
a significant increase of the values of CYy related to the increase of the material density from
p = 0.486 g/cm? for Be3 =1 to p = 0.663 g/cm? for By3 = 100.
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4. Conclusions

It was demonstrated that the new generalized staircase model allows to describe the impe-
dance of the porous materials with complex pore geometry. The pore geometry can include
a system of hierarchical pores, e.g. wide pores transforming into single narrower pores or
branching into multiple narrower pores evenly distributed over a parent pore. Modelling of
the interfacial impedance of an individual pore can be done by splitting a pore into a number
of segments and using the recursive equations to calculate the impedance of a part of a pore
by sequentially including all segments. The generalized staircase model allows to calculate
the impedance of a single pore and the total impedance of all pores for the material with
both non-faradaic and faradaic processes.

The generalized staircase model allows to evaluate the influence of structural parameters
of the porous electrode materials on their electrochemical performance in supercapacitors.
It was demonstrated that the volume specific capacitance Cy serves as an informative pa-
rameter of the electrochemical performance.

The variation of the structural parameters of the model porous systems causes two groups
of effects on the capacitance of materials.

The first group of effects is related to the limited depth of the penetration of potential
modulation. These effects are manifested as a decrease of capacitance at modulation fre-
quencies above the threshold value fy;. Both the magnitude of this decrease and the value of
fo depend on the structure of a porous system. In particular, a decrease of the pore diameter
and an increase of the pore length result in the stronger loss of 'y, and an increase of the
value of fy. Thus, the electrochemical performance of the material decreases. On the other
hand, a wider opening of pores (e.g. hierarchical pores) decreases the loss of Cy at high
frequencies.

The second group of effects is related to the change in material density caused by the
changes in the parameters of a porous system. A higher porosity results in a lower density
of the material, a lower volume specific capacitance Cy and a lower energy density. These
effects are often counter-acting the effects of the first group.

The new generalized staircase model allows to evaluate the influence of these two groups
of effects and detect the predominant effect for a chosen set of the structural parameters. It
was observed that excessively wide opening of the pores results in a strong density decrease
and lower values of Cy,. On the other hand, an increase of pore branching results in the
predominant effect of an increase of material density and, thus, in higher values of C'y,. The
latter effect is the most important effect for the capacitor electrode materials with faradaic
interfacial reactions, i.e. pseudocapacitors. The faradaic impedance is predominant at lower
rates of potential modulation (low f), where the effects of the first group are weak.

The results of the modelling provide the guidelines for the focused design of electrode
materials with high performance in electrochemical double layer supercapacitors and pseu-
docapacitors.
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Annorarus

ITpencrapiena HOBast 00OOIIEHHAS JTECTHUUHAS MOIEID IIEKTPOXUMUIECKOTO WMITETAHCA st
MIOPHUCTBHIX MATEPHAJIOB 3JEKTPOIOB B YCTPOMCTBAX XpaHeHus 3HepTun. JLaHO KpaTKoe OIMHICAHUE CY-
MMeCTBYIOMNX MOzAenell Mexx¢a3Horo nMmesanca u ux orpanwdennti. HoBas Momens ocHOBaHa HA
OOIIEenpUHATON “TeCTHHYIHON MOmeNn UMIeJaHca OUAnHIpHIecKuxX nop. OnHako HOBadg MOIENb
YUUTBIBAET CJAO02KHYIO MOPUCTYIO CTPYKTYPY IEKTPOAHBIX MATCPHUAJIOB. B 9aCTHOCTH, MOAEJIb OIIH-
CbIBaeT UMIIEJIAHC 3JIeKTPOLOB C HepapXU4YeCcKOol IIOPUCTOM Pa3BEeTBJICHHON CTPYKTYPOil, B KOTOpOi
mMUPOKHE IIOPhI PA3BETBJIAIOTCA B 60.)'[66 y3Kue. HOBaH MOAEJIb IIO3BOJIAeT BLIYMCJ/IUTDL MMIICJAHC
MezK(]Da3HON TPAHUIIBI SJIEKTPO//3JIEKTPOIUT B IPUCYTCTBUN Kak Hedapaj eeBCKUX, Tak 1 dapa-
JIeeBCKUX TporeccoB. Mojiesib yeremnHo onpoboBaHa Jjist OP ¢ MPOCTOH TeOMeTpUeit, JJisi KOTOPBIX
CYIIIECTBYIOT TOUHBIE pelrennsd. M3y ueHo Bangame CTPYKTYPHBIX HapaMeTPOB MOJAEIbHBIX ITIOPUCTBIX
3JIEKTPOJIOB Ha WX XapaKTEPHCTUKK PabOTHI B CyHepKoHAeHcaropax. [IpoaHa m3mpoBaHo BIHSHNE
JraMeTpa Mmop, BEJWUWHBI PACIIUPEHNsT HadaJl Top U paseersiienus nop. ChopMyIupoBaHbl KpuTe-
PHH HAIPABAEHHOrO JU3AMHA 9JEKTPOIHBIX MATEPHAJIOB /I CYyIePKOHICHCATOPOB.

Kawomnesvie cao6a: JTeCTHUYIHAST MOJENb, MEXK@A3HBIN WMIEIIHC, PEKYPCUBHBIE YpPaBHEHUS,
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Buarogapuocru. Hccsenosanne BBITOJIHEHO IPH TOJIepkKe HalMOHAIBHOTO 1EHTPa HAYIHBIX
uccnepopanuii (rpant Ne MMO-GRACE-2019) u Mica-Carnot (rpant Ne COM-Gra-2020).
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