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Pabora mocesitiieHa IPUIOYKEHUSIM TEOPUH COBMECTHO JIMCCUIIATUBHBIX OIEPATOPOB K
UHTEPBAJILHOMY aHAJINU3Y U XUMUUIECKON KuHeTuKe. [JIaBHBIM 00beKTOM UCCIIE/IOBAHUS SB-
JIETCS HEYKEJATEIbHBIN “9PdeKT yIaKOBBIBAHUST , TITUPOKO MPOSBJIAIONTUNCS IPU TUCTICH-
HoM pertennu Ha DBM sBosionnonubix AuddepeHnaabHbIX YPAaBHEHNN ¢ HHTEPBAJIbHbI-
mu apamerpamu. OCHOBHO# pe3yJibTaT paboThl — JI0KA3aTEIbCTBO TUIIMIHOCTH 3 deKTa
YIAKOBBIBAHUS B MaJIOM, 9TO O0bsICHSAET HU3KYIO 3PDEKTUBHOCTD TPAUITMOHHBIX TIOIIa-

TOBBIX METO/I0B YHCJ/ICHHOI'O PEIIeHUdA MHTEPBaJIbHBIX ‘HI/I(b(i)epeHLLI/IaJIbeIX 3aJiaq.

Introduction

For solving systems of ordinary differential equations different classes of numerical methods
with guaranteed error estimation including interval methods are used. In solving a system by an
interval method the approximate solution at any considered moment of time ¢ represents a set
(called interval) containing the exact solution at the moment ¢. The detailed account of interval
methods can be found in monographs by R. Moore [1] and S. A. Kalmykov, Yu.I. Shokin,
Z.Kh. Yuldashev [2].

As a rule, all kinds of rectangular parallelepipeds with sides parallel to coordinate axes [1, 2]
are used as intervals, less frequently — ellipsoids [3|, balls of fixed norm [4, 5| etc.

One of shortcomings of stepwise interval methods is the following. The intervals determining
the solution of a system are often expanded in the course of time irrespective of the method and
step used. The simplest example of strong expansion of intervals during a short time, belonging
to R. Moore, is given in [1]. The phenomenon of interval expansion, called the wrapping effect,
essentially decreases the efficiency of interval methods. In the present work the notions of
the interval and the wrapping effect are formalized and the wrapping effect is studied for
autonomous systems on positively invariant convex compact.
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Formally, one can get rid of the interval expansion for any globally stable system (i. e. such
a system any solution of which is stable after Lyapunov). To demonstrate that, let us consider
a smooth autonomous system: p
x
@) 1)
on the positively invariant compact B C R”. We construct a metric p on the set B, assuming
for any z € B, y € B:

p(z,y) = sup [|x(t) —y(t)],

t>0

where x(t), y(t) are solutions of the system (1) with the initial conditions z(0) = z, y(0) = v.
This metric is constricting for (1), i.e., for any pair x(t), y(t) of the solutions of (1) with the
initial conditions in B

p(a(t),y(t)) < p(x(s),y(s)) at t=s.

The metric p is topologically equivalent to norm if and only if the system (1) is globally stable
in B. If one considers as intervals all balls of the metric p, then in a definite sense the wrapping
effect is absent. That is, there is no interval expansion when constructing the exact interval
solution with any step A > 0. The exact interval solution of X (¢) is defined in the following way:
X(0) = Xy, where Xj is the initial interval with the center at the point z(0) = x¢; X ((n+1)h)
is the minimal interval with the center at the point z((n + 1)h) containing 7, X (nh), where
T; is the transformation of the phase flow of (1) during the time ¢ > 0. Indeed, the radius
X((n+ 1)h) does not exceed the radius X (nh) at any n.

If the system is not globally stable, then metric is not topologically equivalent to the norm.
It means that small, in usual sense, intervals became large in the metric p. This circumstance
makes one refuse from consideration of similar metrics. Moreover, if the system (1) is absolutely
unstable (for example, a system with mixing), then there is no reasonable way to get rid of the
wrapping effect.

Unfortunately, the method that we describe to eliminae the wrapping effect for globally
stable system is non-constructive. That can be demonstrated as follows: for constructing the
constricting metric p one must know all exact solutions of the system (1). But then it is
unreasonable to solve the system numerically. We must have constructively verifiable conditions
of absence of the wrapping effect and a way of construction of corresponding intervals. This is
what we deal with in the present paper. The conditions of absence of the wrapping effect are
of local character and formulated in terms of Jacobi matrices of the system. Except that the
causes of frequent appearance of the wrapping effect will be pointed out.

The authors are grateful to Sergey Shary for fruitful discussions and valuable comments.

1. Interval spaces and the wrapping effect

1.1. Interval Spaces

Before starting to study the wrapping effect, it is necessary to define what we mean by intervals.
Generalizing some well-known constructions, we give the following definition.

Definition 1. We call the family J of convex compacts in R" the interval space (and its
elements — intervals), if it satisfies the following conditions:

a) J is closed with respect to multiplication by non-negative scalars:

ifWel, a>0, thenaW ={ax|ze W} elJ;
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b) J is closed with respect to intersection:
if Wy el, Woel, then WiyNW5 e J;

c¢) J is closed according to Hausdorff (i.e. in the Hausdorff metric);

d)if Wel, W#{0}, thenO e rilV.

Remind [6] that the Hausdorff metric on the set of all compacts in R™ is introduced as
follows:

pr(z,y) = max{max min ||z —y||, max min [lz —y||},

where x,y are the compacts in R™, ||.|| is a fixed norm in R"™. All Hausdorff metrics in R™ are
equivalent.

Further on by limz; .., W; we denote the Hausdorff limit of the sequence {W;}£% at i — oo.

Below, we give several examples of interval spaces.

Example 1. J is the set of all convex compacts symmetric with respect to 0. It satisfies all
the properties from a) to d).

Example 2. J is the set of all symmetric with respect to 0 rectangular parallelepipeds
(including non-singular), i.e. sets of the form

{z=(21,. . 2n) €R" [|op] < ap (k=1,...,n)},

where a;, > 0 (k=1,...,n). It satisfies the properties a), b) and d).

Let now {W;}.2, C J, limpy; oo W; = W with a,(;) being ay, corresponding to W;.

If pg(Wi, W) < e, then W C W, + P., W; CW + P., where P. = {x e R" | |zy| < e (k=
1,...,n)} (here a norm in the definition of the Hausdorff metric is the [*°-norm). Then for any
reW ‘

ol <af’ +¢ (k=1,...,n)
is true and for any z € W .
o] < lim,_a};
i.e. there exist the limits '
i, =lima (k=1,...,n).

If x € W, then 4
zx| < limal” (k=1,...,n). (2)

Let b; :minlgk(ag)/d;ﬁ). If for some x € R™ the inequalities (2) are satisfied, then lim; ., b;=1.

Obviously, %) = bz € W}, i.e. there exists such a subsequence of {2V}, that () € W},
r=lim; . x(;). Hence W={x € R" | |z;| < ax (k=1,...,n)}, i.e. W € J and the property c)
is also satisfied.

In constructing interval methods of solving different problems it is, as a rule, the considered
interval space that is made use of [1, 2].

Example 3. Let ||.|| be a norm in R™, III, = {z € R" | ||z|| < r}, where r > 0. Let

J={lL|r >0},

i.e. J is the set of all closed balls (further on we omit the word “closed") of the norm. All the
properties from a) to d) are satisfied. These interval spaces are used, for example, in [4, 5].
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Example 4. The construction of example 3 can be generalized as follows. Let ||.|/;, ..., [|.||,,

be the finite set of norms in R",
MY = {z eR"| ||zf, <re (k=1,...,m)}

where 7, > 0 (k=1,...,m) and

W’rl ..... T m LHEJZ) .

1<k<m

Let J={ W, . |re>0(k=1,...,m)}. Obviously, J possesses the properties a), b), and d).
Note that the same element of J can be associated with different sets of {71 }. To demonstrate

that, let m = 2,sup,o(||7l,/||z|,) = C. Then Lﬂgl) = Wi ¢, where C" is any number not less
than C. Also, even if one of r; is equal to 0, then

To each compact W C R" can be juxtaposed the set
WY (W) = maxlzfl, (k= 1,...,m).

IWwel then W=W, n...0W,,.
Let now the sequence {W;}Z, converge according to Hausdorff to the compact W, with
W; € J for all 7. Similarly to example 2, from the inclusions

W, cWw+%» W cw,+m®
satisfied for each € > 0 for all 7 > iy(e) derive the existence of the limits:

7 = limr,(W;) (k=1,...,m)

71— 00

and conclude that

i.e. W € J, and the property c) is satisfied.
Example 5. Let () be a compact convex body without symmetry center (for instance, a
triangle in R?), 0 € int Q. Assume

J={aQ | a>0}.

J possesses the properties from a) to d).

Remark 1. Example 5 can be generalized. For this purpose it is necessary to consider
compact convex bodies )1, ..., Q,, the interior of each of them contains 0, and to take as J a
family of all the sets of the form (), ., .,, ax@r Where o, > 0 (k=1,...,m).

1.2. Dissipative Operators

In this section the properties of the operators dissipative with respect to compact are studied.
First, let remind some notations.
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The affine hull of the convex set W is denoted by Aff W, the relative interior W (the interior
of W in AffW) is denoted by ri W, the relative boundary of W (the boundary of W in Aff 1)
is denoted by rOW. For the boundary of the set X we use the notation 90X, int X — for the
interior of X, co X — for the convex hull of X. By the sum of the sets of X and Y from R" we
mean the set {x +y |z € X,y € Y }, by I — the unit operator.

Let us introduce a new notion.

Definition 2. The linear operator A in the space R™ is called dissipative with respect to
the family of sets {W,} C R™ if every set W, is positively invariant with respect to the system

dx
= Ax. (3)

In other words, every W, is invariant with respect to the semi-group of the operators
exp(At) (t > 0).

Below we consider operators dissipative with respect to families of convex compacts. In
particular, the operator is dissipative with respect to the families of all balls of some norm (for
this, dissipativity with respect to only one ball is sufficient) if and only if || exp(At)|| <1 at all
t > 0. Thus, in this case we come to the known definition of dissipativity with respect to the
norm |7].

The set of all operators dissipative with respect to {W,} is denoted by K({W,}).

Remark 2. If an operator is dissipative with respect to the family of compacts and the
interior of at least one of them is not empty, then it is dissipative with respect to some norm.

Indeed, any symmetric with respect to 0 compact convex body is a ball of some norm (see,
for example, [7]). Choose as a ball the following set:

S =co{WWu((-W)} (4)

where W is any set of the considered family of {W,}, for which int W # .

However, if W is a compact and the operator is dissipative with respect to the norm whose
ball is S (4), then it does not yet mean that the operator is dissipative with respect to W (see
also example 8).

Remark 3. From the invariance of a family of compacts with respect to the linear operator
follows the invariance of the Hausdorff closure (i.e. closure in the Hausdorff metric) of this
family. Therefore from dissipativity of the operator with respect to the family of compacts
follows the dissipativity with respect to Hausdorff closure of this family.

Let W be a convex compact in R™ with 0 € ri W. In this case Aff W is a linear subspace,
and if the operator A is dissipative with respect to W, then AffW is invariant with respect
to A. Introduce the following functional on the subspace L(WW) of the space L(R") (of linear
operators in R™), consisting of the operators, with respect to which AffV is invariant:

pw (A) = jg{?} pw (Az). (5)

Here pw is the Minkowski functional of the set W (defined, for example, [8]) in the subspace

AftW.
It is easy to see that A € K(W) if and only if

pw (exp(At)) <1

for all ¢t > 0.



DISSIPATIVE OPERATORS AND WRAPPING EFFECT IN INTERVAL SPACES 21

In particular, the operator A € L(W) is strongly dissipative with respect to convex compact
W if exists such € > 0 that uw (exp(At)) < exp(—et) at all ¢ > 0. In general, the operator A is
strongly dissipative with respect to convex compact W if and only if A+ eI € K(W) for some
e>0.

If W is a ball of the norm |.||, then strong dissipativity with respect to W means the
existence of such € > 0 that || exp(At)| < exp(—et) for all t > 0. We come to the definition of
stable dissipativity with respect to the norm [11, 12, 19].

Introduce in L(R") the following functional:

. pww(l+hA)—1
PYW(A):hlinJEo = h : '

In the case, when W is a ball of some norm (i.e. py is a norm), arrive at the known definition
of the logarithmic Lozinsky norm [9, 10].

Lemma 1. The operator A € L(R") is dissipative (strongly dissipative) with respect to W,
if and only if the inequality yw (A) <0 (yw(A) < 0) is satisfied.

Proof. Sufficiency. The following inequality is obtained in [9]

[exp(At)|| < exp(v(A)t)

where v(A) is the Lozinsky norm of the operator A, corresponding to the norm ||.||. By literal
repetition of the reasoning from [9] (with a substitution of the norm by Minkowski functional),
one can obtain the inequality

pw (exp(At)) < exp(yw (A)t)

for all ¢ > 0, from which immediately follows the sufficiency.
Necessity. Evidently,

piw (exp(At)) = pw (I + At) +o(t) (t — 0).

Therefore,

Ah
. pwle —1
w(A) = limg %

Let € > 0. If pw (exp(At)) < exp(—et) at all t > 0, then

(A) < Tim SPEEM =L

—€
~ h=10 h ’

which proves the necessity. The lemma is proved.
Assign a relatively open convex cone Q. (W) to every point = € r OW according to the rule:
y € Q. (W) if and only if there exists such ¢ > 0 that

r+eyeriW.

Lemma 2. For strong dissipativity of A with respect to convex compact W it is necessary
and sufficient that for every point x € roW the inclusion

Az € Q. (W)
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be true. For dissipativity of A with respect to W it is necessary and sufficient that for every
point of X € rOW the inclusion

Az € Q(W)
be true.

Proof. Note that the operator A is strongly dissipative with respect to W' if and only if there
exists such ¢y > 0 that uw (I+Atg) < 1. Indeed, the existence of such ¢, for a strongly dissipative
operator follows immediately from the negativeness of vy (A). Conversely, if pw (I + Aty) < 1,
then there exists such ¢ > 0 that pw (I + (A + l)ty) < 1. But then yw(A + ¢I) < 0, the
operator (A + eI) is dissipative. It means that A is strongly dissipative.

If the operator A is strongly dissipative with respect to W, then, according to the above,
for each x € r OW there exists such ¢, > 0 that (I +¢,A)x € ri W. It means that the vector Ax
belongs to the cone Q,(W).

Conversely, let the latter condition be satisfied. According to the hypothesis of the theorem
and convexity of W, for each = € r OW there exists the only positive number s = s(z) such that
(I +sA)x € rOW. Show that sy = inf,c,ow s(z) > 0. Let it be not so. Then there exists such
a subsequence {r,}> that lim, .., s(x,) = 0. Choose from {z,} a converging subsequence
{z!.}. Let & = lim,,_, x},. For every n € N and for every € > 0

[T+ (s(x)) +¢e)Alz], & W.

Passing to the limit, obtain
(I+eA)z ¢riW

which contradicts the hypothesis of the theorem.

Thus, so > 0. For any ty € (0;5s¢) is true uw (I + Aty) < 1, i.e. the operator A is strongly
dissipative.

If A e K(W), then for any ¢ > 0 we have AX — ez € Q,(W) (for any = € roW), i.e.
Az € Q.. Conversely, if Az € Q,, then Ax — ez € Qz at any € > 0, and A represents a limit
point of the family of dissipative operators, i.e. A € K(W). The lemma is proved.

Remark 4. Immediately from the Krein —Milman theorem [8] follows that it is sufficient
to require from the lemma conditions that inclusions be satisfied not for all points x € r OW,
but for extremal points of W only. In particular, if W is a polyhedron, then it is sufficient to
test its vertices only. Thus, to elucidate the question about dissipativity (strong dissipativity)
of the operator with respect to the polyhedron, one should test only the fulfillment of finite
number of linear inequalities.

Remark 5. In the proof lemma 2 we have used the obvious fact: the closure of the set
K(W).

One more fact follows directly from lemma 2.

Lemma 3. The set K (W) is a closed convex cone. The cone of all strongly dissipative with
respect to W operators coincides with ri K (W) and with |J__ (K (W) —¢I). If {W, } is a family
of convex compacts with 0 € ri W, for all v, then K({W,}) is a closed convex cone.

Remark 6. If int W = (), then int K (W) = . Indeed, if Aff W is invariant with respect to
the operator Ay, then A+cA; ¢ K(W)at e # 0. If int W # (), then int K (W) is also non-empty
and coincides with ri K'(W).

Definition 4. The operator A € K (W) is called stable (or roughly) dissipative with respect
to W, if A € int K(W).

Definition 4 generalize the definition of the stable dissipativity with respect to the norm
11, 19].
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Pass to the consideration of operators dissipative with respect to interval spaces. Let find
out for which interval spaces J the interior of the cone K(J) is not empty.

Let V be a set of all compact convex bodies in R,,. Fix some norm ||.|| in R™ and assume
d = mi :
(W) = min o]

Lemma 4. The function d(W) is continuous according to Hausdorff on the set V.

Proof. First note that if X € V, Y € V. then pg(0X,0Y) < pu(X,Y). Indeed, let
pu(X,Y) <e. Then X CY + 5. where S; = {x € R" | ||z|| < €}. Let, further on, there exists
such yg € (0Y) N X that yo ¢ S. + 0X. Construct at the point yo a tangent hyperplane L to
Y. Let [ be the direction of the external normal to Y at the point 1y orthogonal to L. Draw a
ray from the point yy in the direction of [ to the point x( of crossing with 0.X. Construct such
a ball S of the norm ||.|| with the center at the point x that yy € 9S. The radius of S is larger
than € and SNY = {yo}. Thus, if one constructs a ball 5" C S of the radius € with the center
at xg, then

S'NY =0.

But then 2o ¢ Y + S.,i.e. X ¢ Y + S, what is contrary to the assumption.

The existence of such yo C JY that yo ¢ X U (0X + S.) is also impossible, since then
Yo & X+ 5., 1.e. Y ¢ X +5.. Consequently, Y C S, +0X, and that means d(X) < d(Y) +e.
Similarly, d(Y) < d(X) + e. It means that |d(X) — d(Y)| < e, and the function d(W) is
continuous on V. The lemma is proved.

Lemma 5. For non-emptiness of int K (J) it is necessary and sufficient for all the elements
of the interval space J, except {0}, to possess non-empty interior.

Proof. Necessity. Follows immediately from remark 6.

Sufficiency. Show that under the conditions of the theorem the inclusion

—1I €int K(J) (6)
takes place.
To each point = (||z|| = 1) we assign the set W, according to the rule:
W, = w.
Wz, WeJ

According to the conditions b) and c¢) from definition 1, W, € J. The set

w=J W

llz]l=1

is compact. Indeed, W is contained in any element of J containing unit ball of the norm ||.||;
such an element exists due to non-emptiness of the interior of all intervals (except {0}) and
the property a) from definition 1. Note that Hausdorff closure of the family {W, | ||z| = 1}
represents a compact in the Hausdorff metric, contained in J (this follows from compactness
according to Hausdorff of the family of all compact subsets of the compact [6]). From the
property a) (definition 1) follows (by virtue of lemma 4) the existence of such € > 0 that
d(W,) > ¢ for all such z that ||z|| =1 (indeed, d(W,) > 0, since 0 € int ).
Thus, there exists such € > 0 that for all z (||z|| = 1) the inclusion

Az € int W,
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is true if ||A]] < e.

In other words, Az — x € Q.(W,) if ||A|| < ¢, ||z]| = 1 (see lemma 1). The more so, as
Ar —x € Q,(W) for all W € J (W > z,||A|| < ¢) at all such z that [|z|| = 1. But then
Ax — x € Quz(aW) for all @ > 0,]|A|| < e. Hence, A — I € K(J), i.e. (6) is satisfied. The
lemma is proved.

Thus, we have shown that under the conditions of lemma 5 K (J) is a convex solid cone.

Definition 5. The operator is stable dissipative with respect to the interval space J if it
belongs to int K(J).

For stable dissipative operators the remark 2 is true: if an operator is stable dissipative with
respect to the family of compacts and the interior of at least one of them is not empty, then it
is stable dissipative with respect to some norm.

1.3. The Wrapping Effect for Autonomous Systems

The results of the previous section can be applied to the study of the wrapping effect. First we
give the exact definition of what we understand by the wrapping effect.
Let in the vicinity of a compact convex body B C R" be given a smooth autonomous system

dx

B 7

" ) @

with B positively invariant with respect to (7), and let x(0) be determined inexactly, namely
X (O) € xg + W,

where xg € B, Wy € J, xo + Wy € B, J is some interval space (see definition 1).

Remark 7. Irrespective of particular numerical method (i. e. dealing with the exact solution
of the initial value problem for (7) with the initial conditions z(0) = z¢) a stepwise interval
solution with step h > 0 can be described as follows.

Let T}, be the transformation of the phase flow of (7) during the time ¢ (shift over time t),
Wy € J is the initial interval (its sense is an uncertainty in initial data). Assume

XO 21‘0+W0,

Xm+1 = T(erl)th + Wm+17

Wm—H = ﬂ W,

WoOWi1(h),Wel
Wm+1 (h) = Th(Tmhl’Q + Wm) — T(m+1)h$0-

The sequence { X}, is the exact stepwise interval solution of (7).

Definition 6. The absence of infinitesimal wrapping effect (IWE) means that for any h > 0
the sequence {Wm};fo is enclosed: W,,, D W, for all m, i.e. the obtained intervals do not
expand.

With IWE the intervals expand along any trajectory (7) for any small step, and that means
that when solving a system by a stepwise interval numerical method with any small step the
interval expansion takes place for any initial data irrespective of the applied method (since it
is true even for exact solutions).
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Generalizing the construction [10] for norms, introduce the following functional:

. x+ hy) — x
NW(x’y):hliriloMW( %) pow ()

Literally (with substitution of the norm for Minkowski functional) repeating the reasoning
from [10] (pp.127, 426), come to the following statements.

Statement 1. If x(¢) with values in R™ is differentiable on connected subset 7" of the real
axis, and W is a convex compact (0 € ri W), then the function py (z(t)) is almost everywhere
differentiable on 7" and the derivative (where it exists) coincides with the right-hand derivative,
equal to Ny (z(t), $(t)). The right-hand derivative of puw (z(t)) exists everywhere on T except
the right-hand end.

Statement 2.

yw(A) = sup Ny (z, AX).
zeW

By f'(z) further on we denote the mapping derivative of f.

The main part of further results on IWE can be obtained from the following theorem.

Theorem 1. Let in the region U C R" be given a smooth autonomous system (7), B C U
be positively invariant with respect to (7) compact convex body. IWE is absent for compact B,
system (7) and interval space J if and only if

f'(x) € K(J) (8)

for all x € B, i.e. for any x € B the Jacobi matriz of system (7) in the point x is strongly
dissipative with respect to J.

Proof. Sufficiency. Let W € J. Consider two solutions z1(t), za(t) of system (7) with initial
conditions from B. Denote A(t) = z1(t) — x2(t). Using statements 1 and 2 and the theorem on
finite increment, estimate the derivative of py (A(t)):

%“W@@)) = Nw(A(t), dA(t) /dt) <

< sup Nw (A1), f'(xe(t))A(t)) <

0<e<1

< sup yw (f'(z (1)) pw (A(1)),
0<e<1
where z.(t) = z1(t) + O(ao(t) — x1(t)), 0 < O < 1 for all ¢ > 0. By (8) and statement 1 we

obtain J
—uw (A(t)) <0.

Since the latter inequality holds for all ¢ > 0 and for all W € JJ, in system (7) on B IWE
with respect to J is absent.

Necessity. Let W € J, xg € int B, to > 0, y € Aff B, y # 0. There exists such hy > 0
that xg + hoy € B. Due to smoothness of system (7) there exist and are unique the solutions
x1(t), z2(t) of the initial value problem for (7) with the initial conditions x;(ty) = o, za(to) =
xo + hoy. Assume A(t) = z1(t) — xo(t). Then

d

o I pw (A @)=t =
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where x. = x¢g + Ohgy, 0< O < 1.

By virtue of absence of IWE
d
dt In pw (A(t)) <0
for all t > 0. Since if g + hoy € b, then:
(a) xo + hy € B for all h € [0; hy],

(b) a set of those h € [0; hy], for which

Nw (/JWL(Z/)’ fl(x)#(y)) <0,

is dense on the segment [0; ko, and (c) due to its closeness coincides with this segment.
By virtue of the arbitrary choice of xy for any zo € int B, t > 0, y € Aff B, y # 0 the

inequality
) ' )
NW(uw(y)’f (x)uw(y)) =Y

is satisfied. It holds also for any x € B,t > 0,y € Aff B, y # 0. Hence, from lemma 1 and
statement 2 immediately follows dissipativity of f’(z) with respect to J for all x € B. The
theorem is proved.

Definition 7. The family of linear operators {A,} is called simultaneously dissipative, if
there exists a norm relative to which all the operators are dissipative.

Simultaneously dissipative operators were studied in detail in [11, 12, 17-22].

From theorem 1, example 3, and remark 2 we obtain the following theorem.

Theorem 2. For existence of interval space in which at least one interval possesses non-
empty interior and with respect to which in system (7) there is no IWE on B, it is necessary
and sufficient for the family {f'(x) | € B} to be simultaneously dissipative.

Thus, the problem of existence of the interval space, with respect to which IWE is absent, is
reduced to the problem of simultaneous dissipativity of Jacobi matrices. As sought for space one
can choose a set of all balls of that norm relative to which all Jacobi matrices are dissipative.
This norm is constricting for (7) on B (i.e. the distance between two solutions with initial
conditions from B will not expand with time). Hence, all systems without IWE (with respect
to some interval space) on B are globally stable in B (see introduction).

Bellow by C'(B) we denote the Banach space of smooth mappings of B in R™ with the
norm

of

(9.1'k

Iy = mae ]+ 3 ma

where ||.|| is a fixed norm in R™.
Further on, speaking about properties of autonomous systems, we mean the properties of
the vector fields generating them.
Immediately from lemma 3 and theorem 1 the following statement can be obtained.
Theorem 3. The set of systems on B without IWE with respect to J is closed convex cone

in C'(B).
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For this cone we use the notation Fg(J).

Further on, speaking about the vicinity of an autonomous system in C''(B) we mean a part
of the vicinity, consisting only of those systems for which the set B is positively invariant.

Let us study under what conditions the interior of the cone Fg(J) is non-empty.

Theorem 4. For non-emptiness of int Fg(J) in C'(B) it is necessary and sufficient for all
elements of J, except {0}, to possess non-empty interior.

Proof. Necessity. Let exist such a set W € J that int W = 0. Consider any system (7)
without IWE with respect to J on B. Since int B # 0, there exist two different concentrical
balls S; and Sy of usual {?>-norm, belonging to int B with S; C S,. Construct such a function
g € Co(R™) that g(z) = 1 for all x € Sy and g(x) = 0 at all ¢ Sy. Since AffWW # R", one
can construct a linear operator A € L(R") mapping Aff W into such a subspace Ey # {0} that
(AffW) N Ey = {0}.

Consider the system

W f@) + egla)AX. (9
dy
where € > 0 is arbitrary. The set B is positively invariant with respect to (9), since the vector
field generating (9) coincides with f in the vicinity of 9B. On the other hand, there exist Jacobi
matrices (9) relative to which Aff W is not invariant, i. e. in (9) exist INE with respect to J on

B. Since in any vicinity of f there is at least one vector field, generating (9), then

Sufficiency. Consider the system dx/dt = —z. It is a system on B without IWE with respect
to J. Furthermore, if all elements of J, except {0}, possess non-empty interior, then by lemma
5 the matrix of the system is stable dissipative with respect to J (see definition 5).

Consider the system:

d
gy = ), (10)
where [|v]|¢, 5, < € with € chosen so that
A—Te K@)

if [|A|| < e (see the proof of lemma 5). Then all Jacobi matrices (10) are dissipative with respect
to J, and if v is chosen so that B is positively invariant with respect to (10), then in (10) IWE
is absent (by theorem 1). The theorem is proved.

Thus, int Fg(J) # 0 if and only if int K(J) # 0.

It is easy to see that in the proof of sufficiency in theorem 4 one can instead of the system
dx/dy = —z consider any syste whose Jacobi matrices are stable dissipative with respect
to J.

Remark 8. By analogy with the space C''(B) one can construct the Banach spaces C*(B) (k €
N) with the norm

k
1 fllen sy = |Z max [[(Df) ()]l
a|=0
where o = (o, . .., ) is a multiindex:

olel f

ot oD f =T
af =t dan DU = e e
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and the metric space C*°(B) with the system of seminorms
s (Do) @)] | o] < m}i%,

Small C*-additions (1 < k < 4o00) are small and in the C'-norm. Therefore, for C*-smooth
systems under the conditions of theorem 4 the interior of Fg(J) is non-empty and in C*(B).
As shows the proof of theorem 4 (necessity), if conditions of the theorem are not satisfied, then
the interior of Fg(J) in C*(B) is empty.
Let clarify what autonomous system without IWE in specific interval spaces looks like.
Theorem 5. Any system without IWE with respect to J from example 1 has the form:

s = azr + ¢,
where a < 0, C' € R" is a constant vector.

Proof. Let A € K(J). All the segments symmetrical with respect to 0 belong to J. Every
such a segment has the form {y € R"|y = az,|a|] < 1} for some x € R". The cone @, (see
lemma 2) for each segment consists of vectors of the form az, where a < 0. Thus, every non-zero
vector x € R™ is eigenvector of the operator A, corresponding to non-positive eigenvalue. Thus:

K(I) = {al| a < 0}. (11)

Let now a system without IWE have the form

% = fi(zy,...,2);
% = folz1,...,2,)
According to (11) and theorem 1
gfz =0 (i # Jj); (12)
Z_Q_g_iz; zg;j:go. (13)

From (12) follows that fj depends only on z (kK = 1,...,n). It means that Jfy/0x) also
depends only on zy, i.e. by virtue of (13) dfx/0x), = const (k =1,...,n). Then

% = % =...= O =a<0
axl 8x2 6xn
and the system has the form:
dr N
7 =Tt

where a < 0, ¢ = const. The theorem is proved.

Thus, whatever nonlinear (or even linear with non-scalar matrix) system we consider, if we
take as J the interval space of example 1 (or any wider space), IWE will be present in the
system. From theorem 5 also follows that any dissipative with respect to all norms operator
has the form al, where a < 0 (see also remark 3).
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Example 6. Consider J from example 2. J contains all symmetrical with respect to 0 seg-
ments of coordinate axes (thus, the conditions of theorem 4 are not satisfied, i. e. int Fg(J) = 0).
Let A € K(J). Reasoning like in proof of theorem 5, conclude that all coordinate axes are
eigenspaces of the operator A, corresponding to non-positive eigenvalues. In other words, the
matrix of the operator A is diagonal and non-positive. On the other hand, by virtue of lemma 2,
all such operators belong to K(J). Thus, systems without IWE with respect to J on B have
the form

dx
d—tl = fl(l“l);
dz,
% - fn(xn)a
where of
k
— <0(k=1,...
8xk ( ’ ,71)
for all z € B.

From the considered example follows that when using standard intervals (rectangular paral-
lelepipeds) IWE will be observed in almost all systems in R™ if n # 1.

The systems without IWE with respect to J from example 3 on B represent all systems for
which the norm ||.|| is constricting in B (see the text after theorem 2).

Remark 9. Note that testing of dissipativity (stable dissipativity) of the operator with
respect to the norm is equivalent to non-positiveness (negativeness) of the corresponding
Lozinsky norm. For some norms an explicit form of corresponding Lozinsky norm is known
(see, for example, [9] or [10, p. 463-465]). In particular, for the Euclidean norm the Lozinsky
norm of the operator A coincides with the largest eigenvalue of the operator (A* + A)/2. The
Lozinsky norm of the operator A represented by the matrix (a;;)7;—; with respect to I'— and
[*°-norms is given by the formulae, respectively:

max (Re a; + g laji]);
1<i<n
J#i

max (Re a; + E |ai;]).
1<i<n
J#i

In remark 9 it is assumed that the operator A acts in the space C". The definitions and
used here properties of dissipative operators in complex spaces are analogous to those in real
ones.

Example 7. Let J be the interval space from example 4. Then

N K,

1<k<m

where K| |, is the cone of all operators dissipative with respect to the norm K . It follows from
the closure under intersection of the family of all positively invariant sets of an autonomous
system. Similarly,

int K(J) = m int K”.”k.

1<k<m
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Let, for example, ||.||; be {*°-norm, ||.|| be >norm in R% Then the conditions of stable
dissipativity of the operator A with the matrix (a;;)? ._; with respect to J according to remark

7:7j:
9 are of the form:
dayiage > (ag + CL21)2;

ap + ’CL12| < 0;

|CL21| + a9y < 0.

Thus, for the system of the form

dx
d—tl:fl(l"l,lé);
(14)
2 o, )
dt — J2 1,42

if the inequalities

O O <8f1 8f2)2;

0y . 0s 0ra * O0xq
ofv  |0f _
6x1 + 8_932 < 0;
Af2|  0f
\ 8331 + 8x2 <0

are satisfied and the compact convex body B is positively invariant with respect to (14), then in
(14) IWE with respect to J (from example 4) is absent on B. For example, such is the following
system:

d

—ch = —2x1 + x9;
d

% = 23171 - 31‘2

if B is the square {(z1,x2) | |v1| < 1, |z2| < 1} or the circle {(z1,z9) | 22 =23 < 1}.
Example 8. Consider J from example 5. Let ) be rectangular triangle with vertices at the
points (—1;2); (=1; —1); (1; —1).
From lemma 2 and theorem 1 follows that the cone Fg(J) consists of the systems of the
form (14), with respect to which the compact B is positively invariant and for which

g—ﬁ g—i < 0; (15)
s apt —2gl gl <o
352 —apl 2l 0Tl <o
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is true.
Substituting all the inequality signs in (15) by strict ones, obtain int Fz(J). For example,
the system

dil?l

dt 1,

dx

d—tz = —6271 — 41‘2

belongs to int F(J) for B = Q.
Corresponding ball S (see remark 2) is the parallelogram with the vertices in the points
(—=1;2); (—=1; =1); (1; =2); (1;1). From remark 2 follows that

K(I) = K(Q) c K(S).

One can see that K(J) # K(S). For example, the operator given by the matrix

-4 —1
2 0
is dissipative with respect to .S, but it is not dissipative with respect to J. In other words, in
the systems without IWE with respect to {aS | @ > 0} (i. e. constricting according to the norm
whose ball is J) there can be observed IWE with respect to J.

This example can be generalized as follows. Consider J from remark 2. In system (7) on B
IWE is absent with respect to J if the operators f’(z) for all x € B are dissipative with respect
to all sets Q (k=1,...,m).

To sum up, one can say the following. When using sufficiently wide interval spaces, then in
accordance with theorem 4, IWE is observed in almost all systems. In particular, IWE takes
place almost for all systems when using standard intervals (see example 6). Expansion of the
interval space results in the appearance of new systems with IWE: thus, in using a set of all
symmetrical to 0 convex compacts IWE is absent only for linear systems with non-positive
scalar matrices. And the most impotent: the question about the existence of interval space,
with respect to which in the considered system IWE is absent, is reduced to the problem of
simultaneous dissipativity of the Jacobi matrices. Therefore, there is no interval space with
respect to which all (or even if in some sense almost all) globally stable systems would have no
IWE. One has to solve individually problems of the existence and constructing of corresponding
interval spaces for each particular system. These problems are solved constructively very rarely.

We have treated the wrapping effect in a very strong sense. The condition of boundedness of
the sequence of intervals {W,,,} %, at any step h > 0 (see remark 7) is weaker (and acceptable,
generally speaking, for constructing sufficiently narrow interval solutions). This condition can
be called the condition of absence of the asymptotic wrapping effect (AWE). It is the weakest
from acceptable conditions, since with AWE it is impossible to use stepwise interval methods
to obtain narrow interval solutions at large times. The study of AWE is still not completed.
It is evident only that for a linear autonomous system in considering the interval space from
example 3 AWE is equivalent to IWE. One can suggest a hypothesis: the problem of existence
and constructing of the interval space with respect to which AWE is absent in the autonomous
system is reduced to the question of simultaneous dissipativity of Jacobi matrices (and of
constructing a constricting norm).
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2. Conditions of Simultaneous Dissipativity of Operators

2.1. Some General Results

In the present section some conditions of simultaneous dissipativity of the operators will be
considered (see definition 7).

A definition of a simultaneous dissipativity can be generalized in such a way.

Definition 7’. A family of linear operators {A,} is called simultaneously stable dissipative
if there exists a norm with respect to which all operators A, are stable dissipative.

Lemma 6. Let the space R"™ be expanded into direct sum of subspaces E; (i = 1,...,k)
and each of them is invariant with respect to all operators of the family {A,}. Further on, let
restriction of the family {A.} on any E; be simultaneously (simultaneously stable) dissipative.
Then {An} is simultaneously (simultaneously stable) dissipative.

Proof. Let |.||, (i =1,...,k) be the norms in E; in which the restrictions of {A,} on E;
are simultaneously (simultaneously stable) dissipative. Define the norm in R” in this way:

k
Izl = llaill;,
i=1

where x = Y% 2, with 2, € By (i =1,..., k).

In this norm all operators A, are simultaneously (simultaneously stable) dissipative. The
lemma is proved.

It is known [7] that for one operator the norm with respect to which it is dissipative exists
if and only if the spectrum of the operator lies in the closed left half-plane and the boundary
part is diagonalizable (i.e. Jordan boxes corresponding to pure imaginary, including zero ones,
eigenvalues are diagonal). The norm, with respect to which the operator is stable dissipative,
exists if and only if the spectrum of the operator lies in the open left half-plane.

Several stable dissipative (in their own norms) operators not necessarily are simultaneously
dissipative. To demonstrate that, consider operators represented by the matrices

-1 3 -1 0
0 -1 3 -1

Each of them is stable dissipative in its norm (due to the location of the spectrum). But

-2 3
Al -+ A2 - .
3 -2

The spectrum of the operator (A; + As) contains the point A = 1 which does not belong to the
closed left half-plane. Thus, the operator (A; + As) is not dissipative in any norm. By lemma
6 the operators A; and A, are not simultaneously dissipative.

The problem to find out necessary and sufficient conditions of simultaneous dissipativity
of an arbitrary (even finite) family of operators seems to be very difficult. Nevertheless, one
can obtain some sufficient conditions imposing different constraints on the operators. Obtain
the sufficient condition of simultaneous dissipativity of the family generating a solvable Lee
algebra. Remind [13| that a family of matrices generates solvable Lee algebra if and only if all
elements of this family are simultaneously reducible to triangular form (generally speaking in
complex basis).
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Theorem 6. Let the family {A.} be compact and generate solvable Lee algebra, and the
spectrum of each operator A, lies in the open left half-plane. Then {A.} is simultaneously
stable dissipative.

Proof. First consider the case of complex space C". Consider matrices of the operators A,
in the basis where they are of triangular form.

Let each matrix A, have the form

Al 0 - 0 0

a0 00
A, =

e TR () IR ER Ty M Vo

Show the existence of such a set of positive numbers {¢; }}_, that all A, are stable dissipative
in the norm

|z]] = max — (16)

(here zj is the k-th coordinate of the vector z in the given basis), whose unit ball is the
polycylinder
|2k < e (k=1,...,n). (17)

If {ex}}_, is the considered basis, then, evidently, norm (16) coincide with the [*°-norm
with respect to the basis {cx/ex}7,—; in the norm (16):

Re aii+z%|aij|<0(i:1,...,n). (18)
i#i

For the matrices A, the conditions (18) look like this:
( Re A <0

« (&1 a
Re A+ | < 0;

(19)
a C1 a Cn—1 a
Re A\ + C—|u5ﬂ)| o 2 )l <.
\ n n
Suppose fi = Sup, .4 ]u,(;;)|; A = —sup,, Re )\éa). From the conditions of the theorem

follows that 0 < A < 400, 0 < p < +oo. To fulfil (19) for all A,, it is sufficient that the
inequalities
(a+...+ag)p<cA(k=1,....n); ¢t >0 (20)

be satisfied.
Show the solvability of system (20). Let ¢; = 1. Choose the others ¢ so that

c2 > p/Aes > (L+c)p/A; ..
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>(1+ec+ ... 4cn1)pu/\

Then the inequalities (20) are satisfied, i.e. all operators A, are stable dissipative in the norm
(14).

Let now operators A, act in the space R". In usual way complexify R™ and the family A,.
Then, as it has been described above, construct a cylinder (17). Intersection of (17) with the
initial space R™ produce a ball of the norm in which all A, are stable dissipative. The theorem
is proved.

If instead of stable dissipative operators one considers dissipative operators, then the analog
of theorem 6 is not true, starting from real dimension 4. Let

P i1 P 2% 1
oo ) P Lo )

Each of the operators A; , is dissipative in its norm. The finite family is compact, the matrices
A; and A, generate solvable Lee algebra. Nevertheless

3t 2
A+ Ay = ]
0 3

The only eigenvalue of the operator (A; + Ay) is pure imaginary, with the matrix of this
operator representing (up to a constant factor) non-trivial Jordan box. That means it is not
dissipative in any norm, i.e. A; and A, are not simultaneously dissipative. To obtain a real
example, one has to make the matrices A; and A, real:

0 -1 1 0 0 -2 1 0

1 00 1 2 00 1
Al = . Al =

0 00 -2 0 00 -1

0 02 0 0O 01 0

To keep true the statement about simultaneous dissipativity for nonstable dissipative operators,
it is sufficient to strengthen the requirement of solvability up to nilpotency. Remind [13] that
for each linear operator A in the space E the operator ad A in L(FE) is defined:

(ad A)B = AB — BA.

The family {A,} generates the nilpotent Lee algebra if and only if there exists such a
number m € N that for any set of {A,, }}*, (among the elements of which there may be the
same ones) and for all a:

[Jad A,,) AL =0. (21)

k=1

Nilpotent Lee algebra is always solvable. Commutative Lee algebra is nilpotent (for it
m = 1) and solvable.

Theorem 7. Let the family { Ay} be finite and generate nilpotent Lee algebra, and for each
operator Ay, exist a norm with respect to which it is dissipative. Then {A} is simultaneously
dissipative.
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Proof. Without loss of generality one can assume that among the operators A, there are
no scalar ones (if A = al, where Rea < 0, then A is dissipative in any norm) and exists at least
one operator (denote it A;), among eigenvalues of which there are pure imaginary (otherwise
we are under the conditions of theorem 6).

First assume that A, operates in C". We prove the theorem by induction on dimension of
space. In dimension 1 the statement of the theorem is trivial. Show that one can expand all
the space C" into a direct sum of two non-trivial subspaces invariant with respect to all Ay.
Since in both of them the conditions of the theorem (for corresponding restrictions of {Ay})
are satisfied, then to complete the proof one has to use lemma 6.

Let A be an imaginary eigenvalue of A;; E’ be the corresponding to A eigen-subspace (by
virtue of diagonalizability of boundary part of A; it coincides with whole corresponding root
subspace); E” be the sum of root subspaces corresponding to all the others eigenvalues of A;.
Evidently, C" = E' @ E” (the sign @ means direct sum); E’ # C", otherwise the operator A,
is scalar. Show the invariance of E' and E” with respect to all Ay.

Let z € E'. Then

Az = M.

On the other hand, in accordance with (21) there exists such m € N that (ad A;)™ A, =0
for all £ and
(A, — )™ Ay = 0.

A more general fact is true: if Az =0 and (ad A)™B = 0, then A™ Bz = 0. For m = 0 the
fact is obvious. Let that be true for m = r. Assume

Az = 0; (ad A)"*'B = 0.
Then (ad A)"(ad A)B = 0, and according to the inductive hypothesis
A"(ad A)Bx = 0.

But A" Bz = A"(BAz + (ad A)Bzx), i.e. A”"' Bz =0, as was to be proved.
As a consequence of coincidence of E' with the whole root subspace, corresponding to A, we

have:
(A — M)Az =0,

lLe. AjAyx = Nz, Az € E'.
Show now the invariance of £”. Let {e;}_; be the Jordan basis of the operator A; with £’

being corresponded to the vectors {e; };2:]1 One has to show that for any j less then j; or more

then j, the coordinates of Axe; with the numbers from j; to j, with respect to the assigned
basis are equal to zero. Let it be not so and exist such j’ that e;; € E”, but the j;-th coordinate
(71 < Jjo < ja) of the vector Age; is a # 0. Write it like this:

Agejr = ... = aej,.
Let ejr be an eigenvector of A; corresponding to the eigenvalue px # X. Then
(ad Ay)Arey = Ar(... +aejy) — pu(... +aej,) = ...+ (A — p)aej,.

Verify that
(ad A1>mAk€j/ =...+ ()\ - ,u)maejo.
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For m = 0 it is obvious. Let it be satisfied for m = r. Then
(ad Al)r+1Ak€j/ = (ad Al)(ad Al)rAkej/ = Al(ad Al)rAkej/ — (ad Al)rAkAlej/ =

=Ai(...+(N—p)aej,) — plad Ay) Agej = ...+ (A — p)"are;, — (A — p) aej, =
= ...+ (A= p)aey,

i.e. that is true also for m = r + 1, and, hence, for all m € N.
Thus,
(ad Al)mAkej/ =...+ (/\ - u)maejo 7A 0

for any m € N, which contradicts (21).
Let now e; be a root (but not eigen) vector, corresponding to the eigenvalue y, with the
Jo-th coordinate of the vector Age; 1 equal to 0. Then

(ad Ay)Agejr = Aq(... +aejy) — Ap(ej_1 + pejr) = ...+ (X — p)aey,.

Analogously
(ad Al)mAkaj/ =...+ ()\ — u)maejo 7é 0

for any m € N, which contradicts (21).

Since the sequence of basis vectors belonging to the root subspace begins with the eigenvector,
the required statement for complex space is proved.

The transfer onto the case of real space can be done in the same way as in the proof of
theorem 6 (the ball of corresponding norm in the copmlexified R™ intersects with R™). The
theorem is proved.

From theorems 6 and 7 follows, in particular, that a finite (compact) commutative family
consisting of operators dissipative (stable dissipative) in their own norms is simultaneously
dissipative (simultaneously stable dissipative).

2.2. The Mass Action Law and Dissipative Mechanisms

Some constructive conditions of simultaneous dissipativity can be obtained for finite families of
operators of rank 1. The problem of the absence of wrapping effect in the system constructed
in accordance with the Mass Action Law (MAL) is reduced to the problem on simultaneous
dissipativity of such operators.

MAL systems appear from mathematical description of systems of chemical and biological
kinetics and in some other problems. To the considered process is assigned an algebraic object,
called reaction mechanism and having the form:

arlAl + ...+ arnAn — ﬁrlAl + ...+ ﬁrnAn (7" = 1, . ,d) (22)

Speaking in terms of chemical kinetics, the reaction mechanism is a list of stoichiometric
equations of elementary reactions (22). In this case Ay, ..., A, are the substances taking part
in the reaction; ., 3,; are the non-negative integers called stoichiometric coefficients and
showing in what amount the particles of A; enter into the r-th elementary reaction as the
initial substance () or product (5,;). The following notations are accepted: v,.; = By — i, Y
is the vector with the components 7,; (i = 1,...,n) — so-called stoichiometric vector of the
r-th elementary reaction.
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In accordance with MAL [14,15], to the mechanism (22) corresponds the following system
of ordinary differential equations:

dCZ’ d

where ¢;(t) is the concentration of substance A; at the moment of time ¢ > 0,

n

wy, = k,(t) H ;"

Jj=1

is the rate of the r-th elementary reaction, continuously depending on time. In particular, if
reaction proceeds under constant external conditions, then k,.(t) = const (r = 1,...,d) and k, is
called rateant of the r-th elementary reaction. In the latter case (23) represents an autonomous
system with polynomial right sides.

Let L be a linear hull of the family {~, }¢_,. If L # R™, then there exist such a; (i = 1,...,n),
not all equal to zero, that for all r =1, ... d the equalities

i a;Yri =0
i=1

are satisfied, from which for system (23) follows that

n

Z a;c;(t) = const. (24)

=1

Relationships (24) are called stoichiometric conservation laws. If all a; are positive, then the
corresponding stoichiometric law is called the positive conservation law [15]. In MAL positive
conservation laws takes place rather often (but not always).

As it is known [15], balance polyhedrons are intersections of affine subspaces of the form
(L + ¢), where c is a constant vector, with a cone of non-negative vectors (first orthant) in R".
Balance polyhedrons represent positive invariant with respect to (23) convex sets (one can find
the proof of their positive invariance in [15]). If there exists at least one of positive conservation
law, they are compact.

The question arises: under what conditions does the norm exist in R" according to which
the system (23) is constricting in all balance polyhedrons and independent of rate constants?

Definition 8. Mechanism (22) is called dissipative, if for system (23) there exists a norm,
constricting in all balance polyhedrons irrespective of rate constants (in other words, the
constricting norm depends on the mechanism only).

We use the notation M,; for the operator in R", represented by the matrix, in the i-th
column of which there are components of the vector ~,, and on other places — zeros. The
subspace L is invariant with respect to all M,; [15]. The notation M/, stays for restriction of
Mri on L.

Theorem 8. Let for mechanism (22) exist at least one positive conservation low. This
mechanism is dissipative if and only if the family { M/, | a,; > 0} is simultaneously dissipative.

Proof. Sufficiency. It is known [15] that the Jacobi matrix J, of system (22) at the point
¢, whose coordinates are positive, has the form

wy
JC = Z OJM'C—MM'. (25)

ari>0 v
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Matrices J,. belong to the convex cone produced by the family {M,;| a,; > 0}. Besides, the
difference of any two solutions (23) from one balance polyhedron belongs to the subspace L.
Under the conditions of lemma 3 and theorem 2 obtain the existence of constricting norm in
the subspace L. It can be expanded onto all R"™.

Necessity. Matrices M,; (a,; > 0) belong to the closure of the family of matrices J. for
arbitrary non-negative vectors ¢ and rate constants k.. To prove this, first let consider the case
when ¢; (j =1,...,n) and k, are fixed and all k(I # r) tend to zero. In the limit in (25) only
the sum for given r is left. Further on, fix all ¢; > 0 (j # ¢) and let ¢; tend to zero, changing
k, so that the equality a,.;w,/c; = 1 holds true. Then all the terms except one tend to zero and
in the limit we obtain M,,.

Thus, the matrices M/, (a; > 0) belong to the closure of the family of restrictions of the
matrices J. on the subspace L. Hence, according to lemma 3 and theorem 2 the necessity
follows. The theorem is proved.

Note that matrices M,; represent matrix-columns (in each matrix there is only one non-
zero column) and that means that the rank of each of them is equal to unity. We come to the
problem of simultaneous dissipativity of the finite family of operators of rank 1.

Note that dissipative mechanisms of reactions were studied in details in [12]. In particular,
some classes of dissipative mechanisms are pointed out and all dissipative mechanisms for
n =3, Z?:1 i < 3, Z?:1 Gri <3 (r=1,...,d), ¢ + ca + c3 = const enumerated.

In the next subsection are obtained necessary and sufficient conditions of simultaneous
dissipativity of the operators of rank 1 in R? (corresponding to the case dim L = 2) and some
sufficient conditions of simultaneous dissipativity of matrix-columns.

2.3. Constructive Conditions of Simultaneous Dissipativity
of One-Dimensional Operators

Before consideration of simultaneous dissipativity of operators of rank 1, find out what can
be said about dissipativity of one such operator. From necessary and sufficient conditions (see
the paragraph after lemma 6) follows that the norm in which the given operator of rank 1 is
dissipative exists if and only if it has a negative eigenvalue.

Positive semi-trajectories of system (3) corresponding to the initial condition x(0) = z
are in this case rectilinear segments parallel to the image of A and connecting zy with Ker A.
Operator A of rank 1 is dissipative in the given norm if and only if for any point z (||z|| = 1)
there exists such € > 0 that ||z + cAz|| < 1. It means that the negative number belongs to the
spectrum of A, and the image of A is orthogonal to its kernel (in the given norm, the subspace
E, is orthogonal to E if ||z +y|| > ||z| for any x € Ey,y € E, [7]).

Let now be given a family {M;}~, of operators of rank 1 in R". Each of them can be
represented in the form (- ;¢g)pr, i.e. Myx = (x ;1%)@r where (- ;-) is the standard scalar
product in R™. The vectors ¢, and v, are determined by the operator Mj unambiguously (up
to scalar factors). Let Ay = (@k; ¥x), i.e. Ag is an eigenvalue of M, (either it is the only non-
zero eigenvalue, or 0, if the operator M} is nilpotent). As it has already been mentioned, for
simultaneous dissipativity of {M}} the conditions

)\k<0(k:1,...,m) (26)

are necessary.
Assign to each operator M the projector Py projecting parallel to the image of M; on the
kernel of Mj. It is easy to see that P, = I — My /\... By virtue of the mentioned above condition
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of dissipativity of the operator of rank 1 in the given norm the operator M is dissipative in
some norm if and only if Py is constriction in this norm.

All Py, can be constrictions in one norm if and only if all products of the form H?:1 P, (e N
is arbitrary; k; € {1,...,m} and they are not necessarily different) are jointly bounded. We
come to the following conclusion.

Lemma 7. The family {My}7-, of operators of rank 1 is simultaneously dissipative if
and only if the conditions (26) are satisfied and all products of the form H?:1 Py, (g € N s
arbitrary; k; € {1,...,m} and they are not necessarily different) are jointly bounded. As a
constricting norm one can take

qu,lS k]'

Izl =~ sup _ {[lzllo, H(H Py)z|}, (27)

where ||.||o is any norm in R™.
Proof. All statements of the lemma, except the latter, follow immediately from the above
reasoning. Further on, if all products H?Zl Py, are jointly bounded, then

sup {l|zflo, || (T )|} < o0

gEN,1< k;j<m e
for each x € R". This expression possesses all properties of norm and all operators P are
constrictions in such norm, i.e. all M} are simultaneously dissipative. The lemma is proved.
From lemma 7 follows a simple consequence.
Corollary 1. If all ¢y are collinear (images of My coincide) or all 1y, are collinear (kernels
of My coincide) and (@g; ) < 0 for all k = 1,...,m, then the operators My, (k =1,...,m)
are simultaneously dissipative. As corresponding constricting norm one can take

sup  {[[z[lo, [ Prllo}-
qeN,1<k;j<m

To demonstrate this, it is sufficient to note that in these cases

q
HP‘% = P,
j=1

or

q
Hpkj = qua
j=1

respectively.
Remark 10. If not all ¢, are collinear, then as a norm in lemma 7 one can take

sup H(H ij)a:HO. (28)

geN,1<k;<m

The criterion established in lemma 7 is not constructive. Constructive criteria of simultaneous
dissipativity of finite family of operators of rank 1 in R™ have been obtained only at n = 2 (for
arbitrary n there exist sufficient conditions for one class of operators; they are given at the end
of the section). Pass to the consideration of the case n = 2.
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Consider the family {M;}7, of the operators of rank 1 in R?. As before, represent each
operator My in the form (- ;1x)@x. Let first m = 2.

Lemma 8. The operators My = (- ;1)1 and My = (- ;19)ps are simultaneously dissipative
in R? if and only if the condition

(p15%2) - (p2;¢1)
(ov ) (enivn) | =1 (29)

15 satisfied together with the conditions

(p1;91) < 0; (p2;92) < 0.
As a corresponding constricting norm one can take
[z]] = max{{|z[lo, [[Przlo, | P2z llo, [ PrPoxllo, [ P2Pr([o}- (30)

Proof. In R? the projectors P; and P, have rank 1 and are represented in the form

P = ( ;771)X1; P, = ( 3772))(27

where 11,72, X1, X2 are some vectors in R2.
The operators [[j_, Py, are bounded when the spectrum of the operator (P F) lies on the
segment [—1;1]:
[(x1sm2) - (x2sm)| < 1. (31)

In a standard orthonormalized basis P, acts like this:

Lo MU e o
)l = : : : 7
(r; Vr) z® — M _y®

where

denotes the vector with the coordinates ) and a®. Hence

(901§¢2)'

(902;%)7
oy (ps)
(Xla”?) - (901;7#1)’

i.e. condition (31) takes the form (29).
To complete the proof, use lemma 7. To check a possibility of choosing corresponding norm
in the form (30), note that

(M5 x2) =

<P1P2)TP1 = (771;X2)T : (772§X1)T - Py

(PaP) " Py= (i x2)" - (25 x1)" - Pa

for any r € N. It means that with the account of (31), in (27) one can restrict oneself to finite
number of products. The lemma is proved.
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Remark 11. If ¢; and ¢y are non-collinear, then as required norm we can take
max{|[| Prz|lo, [ P2z lo, [[ P Poxlo, [[ P2 Pr|lo}-

This follows from remark 10. Then the ball of the norm is determined by the inequalities

1 1
|(@;m)] < min{ , };
Ixallo” [(xasm2)] - lxallo

(wim)] < mind -2 )

Ixallo”™ [(xzs m)l - 1xallo

i.e. it is parallelogram.
Also notice that for simultaneous dissipativity of a family the dissipativity of each operator
from convex hull of the family is insufficient. To see this, consider the operators represented

by the matrices
-1 1 0 0
M1 = ; M2 = .
0 0 -2 -1

Each of them is dissipative in its norm. It is easy to show that spectrum of any non-trivial
convex combination of M; and M, lies in open left half-plane. Nevertheless

(¢1592) - (p2; 1)
(1591) - (023 12)

i.e. condition (29) is not satisfied.
Reasoning like in proof of lemma 8, it is easy to obtain a criterion of a simultaneous
dissipativity for arbitrary m. The result is a set of conditions of the form

= -2,

(ka;iﬁk) <0 (k = 1, .. ,m); (32)

(1 Uky) * (Phay Us) =+ -+ (Phgs Uy )
(ks k1) - (Pos Uiy) = - -+ (Pogs Vi) =1 (33)

where {k;}7_, is a set of different numbers from 1 to m, and inequalities (33) holds for all such
sets. The number of conditions has the order O((m — 1)!) and for any large m testing of these
conditions becomes unrealizable. It turns out, however, that among inequalities (33) there are
dependent ones and the number of conditions can be reduced.

Theorem 9. Let the vectors ¢y (k = 1,...,m) lie in one half-plane clockwise. Then the
family of operators { My}, where My = (-; )@y is simultaneously dissipative if and only if
the vectors ¢y, (k = 1,...,m) lie in one half-plane clockwise and the conditions (32) and the
followings ((34), (35)) are satisfied:

(0r; Yrs1) - (Prs1s Vr)
(1 Vr) - (Prr1; Yo

)
‘ (01;12) - (02;93) ... - (Pm; Y1)
(P1:91) - (p2502) - . oo - (P Vi)
’(901;1%1) (Pm; Ym-1) - (p2;01)
(01;01) - (@25%2) - ... - (P Um)

<1 (k=1,...,mwith @11 = —1; Vmi1 = —V1); (34)

IN
VH

(35)

IA
—_
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The corresponding norm can be chosen polyhedral (a norm, whose ball is polygon).

Proof. Necessity. Let [, be the kernels of the operators M, (i.e. straight lines orthogonal
to 1y). Straight lines [, divide the plane into 2m sectors. If among the vectors 1y there are
collinear, then some sectors are singular, but this does not change the further reasoning. In
each sector G and for each p € {1,...,m}

sign (z1;1,) = sign (xq; 1)

for all x1 € int G, x5 € int G.

Let G, be a sector lying between corresponding rays of straight lines /. and [,; (where
lm+1 = l1). It is enough to consider the sectors {Gy}7, into which one half-plane is divided,
since for sectors lying in vertical angles to GG; the reasons are the same.

Note that by inequality (32) for each operator M; the projector P is determined, which
operates in each sector Gy, as a projector in the direction vy, = sign (z;¥y) - pr (z € G,) onto
the straight line [.

A norm with respect to which all M, are dissipative exists if and only if there exist a convex
body () symmetrical with respect to 0 and positively invariant with respect to all systems of

the following form

XS O e, (36)

where hy(t) is any function piecewise continuous and non-negative for ¢ > 0. The sufficiency
is evident (suppose hi(t) = 1, h;(t) =0 for j # k and come to dissipativity of M) with respect
to ). To prove the necessity, it is sufficient to make an estimation analogous to that made in
the proof of theorem 1:

She@)llo = No(e(0), Y- haft) Mar (1)) <

<7D hu(t)Myx()) - [l2(t)llq < 0.
k=1
Here ||.||g is a norm whose unit ball is Q).
Since (x; Ug)pr = |(z;¢k)] - vk at € G, then (36) can be rewritten as follows:

m

=Yl (37)

where yy(t) is piecewise continuous and non-negative for ¢ > 0. Thus, it is sufficient to construct
such a polygon W that from each point of its boundary 0W all the vectors vy, are not directed
into the exterior of W. Then one can take

Q =co{WU(-W)}.

Let (37) have at least one unbounded solution, whose positive semi-trajectory lies inside one
of sectors. Then (36) has an unbounded solution, i.e. the operators M}, are not simultaneously
dissipative.

The notation C'{vg,} is used for a convex cone produced by {vy, }7 .
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Let this cone coincide with R? at least in one sector G, (i. e. the vectors generating it do not
lie in one half-plane). Then as y;(t) one can choose such constants that v = >}, yrvg, € G,
and then, drawing a ray from the point zy, € int G, in the direction of v, obtain a positive
semi-trajectory of unbounded solution (37) lying inside G,.

Thus, for simultaneous dissipativity of { My} it is necessary to satisfy the conditions

Clop} #R? (k=1,...,m). (38)

If C'{vg,} in some sector is a half-plane, then it must contain the vertical angle to G, — G,
(and thus intersect with G, only at zero); otherwise (37) has an unbounded solution. For each
sector G, consider the boundary of the cone C{uvyg,}. It consists of two directions. Show that
for G; it is vj;, v(j41),;. It is sufficient to show that for j = 1.

Let vy1; and vy be collinear and oppositely directed. Then to satisfy (38) it is necessary
that the other vy lie on one side of the straight line, stretched on vy ;. But if v;; and vy are
non-collinear, then all other vy; can be expanded in terms of the basis vy 1, v2,.

Let, for example, vs1 = c1v11 + coU21, and vs; be collinear to one of the basis vectors
(for example, vy 1; the case with vy is considered analogously). Then ¢o = 0. If ¢; > 0 then
vs1 € C{v11,v21}. Let ¢; < 0. Then to satisfy (38) in G it is necessary for vy; and vs; to
be boundary directions in C'{vy:}. Since vy 1) = vig, if & # 1+ 1, and vy, 041) = —V1a41)5
then the same directions are boundary for C{vs} as well, otherwise (38) is not satisfied in Gs.
Simultaneously vo; € C{vug1}, voo = —v91 € C{uge}. It means C'{vg} and {vge} represent
half-plane whose join is all R?, what is impossible. That means ¢; > 0.

Let now v be non-collinear neither to vy nor to va;. If ¢4 < 0, c2 < 0, then in G; (38)
is not satisfied. If ¢; < 0, co > 0, then in Gy there vso = V19 + (—c2)va 2, 1. €. again (38) is
not satisfied. Analogous reasoning hold for the case ¢; > 0, ¢y < 0, i.e. the only possible case is
c1 >0, cg > 0 and therefore v3; € C{vy1,v9,1} (Where C{x,y} is a convex cone, stretched on
the vectors x and y).

The case is left when the directions v;; and vy coincide.

Without loss of generality one can assume non-collinearity of vz ; and vy ;. Then vy 9 and v 5
are boundary directions in C{vgs}. Consequently, vy, € C{—vy1,v31} i.e. the directions v,
and v;; coincide contrary to the assumption. It means that if v,, and v.41), are co-directed,
all vy, are collinear, i.e. all ¢}, are collinear. In this case the directions v,, and v(11), are also
boundary.

We call the obtained fact the boundary condition.

Since all ¥, lie clockwise in one half-plane, then it is easy to check that in sector G, either
all (z;1) > 0 for all k or (z;v¢) < 0 for all k. Thus, by virtue of (32), all ¢, lie in one
half-plane. From the boundary condition follows that ¢ € C{@k_1, Yr+1}, 1.6 vectors ¢y are
arranged either clockwise, or anti-clockwise.

Let, for example, vy 1 = ¢ (the case vy; = —¢; is considered analogously). Then vo; = ¢
lies in the half-plane bounded by the straight line stretched on v; and containing S;. Therefore
the direction from ¢, to @9 in the half-plane containing all ¢, is the same as from ; to s,
i.e. clockwise.

The necessity of the other conditions is obvious, since (34) —(35) is simply a part of conditions
(33).

Sufficiency. Let the family {¢y }7*, be arranged clockwise in one half-plane and the conditions
(32) and (34)—(35) be satisfied. Assume that among ¢ there are non-collinear vectors, and
among v, there are no collinear ones.
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The condition of clockwise arrangement of ¢, in one half-plane means that the angle
(counted from ¢, clockwise) between ¢ and the vectors ¢1, @2, . .., ©m, Pmr1 = —¢@1 monotonically
increases from 0 to m. Taking into account that the angle between ¢ and (—gy) is the angle
between g and g2, taken with opposite sign, it is easy to conclude that systems {vg, } (in each
sector) lie in one half-plane and are arranged clockwise (to avoid exiting from corresponding
half-plane we start counting in sector G, from v(,11),).

From conditions (34) follows that in each sector there is a “convex configuration", i. e. there
is vector = € GG, representable in the form

m
r = — E CrUkyr,
k=1

where all ¢, > 0.

It means that if from one point # € int G, one draws segments @ and b in the directions of
Upy and v(41), up to the crossing with I, and [, 1, respectively, then these segments together
with the segments connecting 0 with the point of crossing @ with [, and b with [, 1, respectively,
form a convex polygon (if v, and v(41), are oppositely directed, it will be a triangle, and if
they are non-collinear — a quadrangle; as we have seen before they cannot be co-directed).

Due to the same orientation of {¢;} and {t} all the other vy, are directed (from point
Z) into this polygon, i.e. for any cone C'{vy,} directions on the straight lines v, and v, are
boundary.

Fix now the point 2 € I (xg # 0) on the boundary ray of sector GG; (actually, one can begin
from any straight line [;; we begin from /;). Due to the boundary condition either direction
from xy on [y goes into sector G, or direction from xg on [, goes into Gm

If one and only one of these statements is true, continue moving in the corresponding
direction (to the neighboring straight line) till the direction on the neighboring straight line
goes into the neighboring sector. In other words, move from [, to [,,1 in the direction parallel to
¢y, if this direction goes into sector G, (or, into Gr_1, respectively). As a polygon W mentioned
after (37) one should take a polygon formed by the segments which we moved along, and the
segments of those straight lines on which the movement broke (if exit on the initial ray did not
occur, in our case it is a part of [; corresponding to G1, then it is a segment connecting xy with
0, and a segment of that straight line on which the movement broke, connecting the point of
breaking with zero; if exit on the initial ray occurred, then it is a segment connecting x, with
the point of exit).

If both statements are satisfied, then as W one can take a join of two such polygons formed
in moving to both sides from xg.

This algorithm is easy to check proceeding from boundary conditions, “convex configuration",
and (35) (the latter condition means that if exit on the initial ray occurred in moving in either
side, then the point of exit is no farther from the beginning of coordinates than the initial point;
in particular, if the point of exit coincides with the initial point, then the formed polygon can
be taken as ). The ball of the sought for norm is a polygon.

If some of ¢ are collinear, then some sectors G} are singular. This, however, does not
change the results. The reasoning are analogous to the case when among v there are no
collinear vectors. The only difference here is the following: some straight lines [, correspond to
several directions {y; }flzko Then in constructing W one needs to move along ¢y, .

In the case when all ¢y, (or all ¥, are collinear (see corollary 1), all the same one can regard
that {¢r} and {¢x} have the same orientation, starting from (32).
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Conditions (34)—(35) are satisfied in this case. The norm can be chosen polyhedral, if one
chooses a polyhedral norm as |.[[o in (30). The theorem is proved.

Remark 12. One can obtain the arrangement of vectors v, required by the conditions of
theorem 9 by renumbering vectors and (if it is necessary) changing signs of some of them.

Thus, the problem of simultaneous dissipativity of a family of operators of rank 1 in R? is

solved completely. The number of conditions to be checked now, in contrast to (33), is only of
the order O(m).

With theorem 9 one can study the MAL mechanism on dissipativity (and, respectively, on
the absence of IWE). For example, let the mechanism be

Al - A2, Al - A37 A2 - Al; A2 - A37

3A2 - A1 + 2A3, 2141 - AQ + A3, 2142 - Al + A3,
2A3 — A1 —+ AQ, 3A1 — AQ + 2A3, 3A2 — 2A1 + Ag,
Al + AQ — 2143 (39)

This mechanism possesses positive conservation law ¢; + ¢y + ¢3 = const. The corresponding
subspace is the plane

Cl—|—02+63:0.

Obviously, dim L = 2, and one can use theorem 9. Writing matrices M/, and using theorem 9,
let make sure that mechanism (39) is dissipative. The corresponding norm in the subspace L
has the form

lell = fex] + leal

It can be expanded onto all R?, for example, in this way:
el = [er] + [ea| + |er + c2 + cs].

To complete the section, consider the question of simultaneous dissipativity of the finite
family of operators of rank 1 of special form in R™ for arbitrary n. Namely, we consider operators
represented by matrix-columns. Let obtain sufficient conditions of simultaneous dissipativity
of such operators.

Let the basis {e}7_; and the norm

]l = palal (40)
k=1

be given in R", where p, > 0 (k = 1,...,n), z; is the k-th coordinate of vector x in the
basis {ex}. Norm (40) coincides with I* norm with respect to the basis {ey/py.}. Therefore, the
necessary and sufficient dissipativity conditions of the operator A represented by the matrix
(aij)} =1 according to remark 9 have the form

piaii + Y _pjlag| <0 (i=1,...n). (41)
J#i
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Let now there be a family of operators, represented by the matrix-columns Ay, (k=1,...,n;
l =0,...,7%), where Ay, is the [-th matrix with non-zero k-th column:
0 ...0d% 0 ... 0
0 ...0a% 0 ... 0
Ay, = ) (42)
0 ...0d% 0 ... 0

Coming from (41), write dissipativity conditions of all operators in norm (40) with some
constants py:
pkakk +ij|a |<O =1,...,n; [ =0,...,7%). (43)
Jj#k

Theorem 10. If the system of linear inequalities (43) complemented by the inequalities
p>0(k=1,...,n) (44)

has a solution, then the family of operators represented by matrices (42) is simultaneously
dissipative.

Proof. Solvability of the systems (43), (44) means the existence of positive constants py (k =
1,...,n) for which inequalities (43) are satisfied, and that is dissipativity condition of all
operators of the family in norm (40). Obviously, in this case the family is dissipative. The
theorem is proved.

Thus, for simultaneous dissipativity of finite family of operators represented by matrices-
columns the solvability of above written finite system of linear inequalities proves to be sufficient.
To check solvability, one can use algorithms of linear programming [16].

Remark 13. The solution of the system (43)—(44) exists if there exists solution of the
system of (n — d) linear inequalities complemented by inequalities (44) (where d is the number
of those k for which ry = 0; evidently 0 < d < n — 1). To prove this, assume

_ (k). _ (k) k
Ak = 0?11:%% akk y Ak = Ogllagi |CL | (] # )

Consider the system
pkakk+2pjajk <0(k=1,...,n). (45)
J#k

Obviously, if the set {py} satisfies the system (44)—(45), then it satisfies the system (43)—
(44) as well. Numbers k for which r, = 0 are excluded. Therefore, in system (45) there are
(n — d) inequalities.

Remark 14. For n = 2 theorem 10 provides necessary and sufficient conditions of simultaneous
dissipativity. To demonstrate that, note that for operator M of the considered form the vector
Y. (see the notation at the beginning of the subsection) is directed along one of the coordinate
axes. Therefore (see the proof of sufficiency in theorem 9), if the family is simultaneously
dissipative, then one can choose parallelogram as a ball of the corresponding norm, with vertices
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on coordinate axes, i.e. the norm is of the form (40). In the case of arbitrary n the conditions
of theorem 10 are already not necessary. To see this, let

~10 0 0 -1 0
A= -100]: A=]0-10
100 0 10

The system of linear inequalities

—p1+p2+ps < 0;
pr—p2+ps <0

has no positive solutions. Nevertheless, simultaneous dissipativity exists, since each of the
operators is dissipative in its norm and ¢; = s (see corollary 1).

Conclusion

Let us resume. The infinitesimal wrapping effect (IWE) in the interval space for smooth
autonomous system on positively invariant convex compact is studied. The local conditions
of absence of IWE in terms of Jacobi matrices field of the system are obtained. The relation
between the absence of IWE and simultaneous dissipativity of the Jacobi matrices is established,
and some sufficient conditions of simultaneous dissipativity are obtained.

On the basis of the conducted analysis the reason of weak efficiency of interval stepwise
methods is pointed out. The main reason is that to solve the problem of absence of IWE in
the system and to construct corresponding interval space one needs analysis of simultaneous
dissipativity of Jacobi matrices of system and constructing a constricting norm. The latter
questions are rarely solved constructively. Besides, in sufficiently rich interval spaces (for
example, in using standard intervals — rectangular parallelepipeds) IWE is almost always
present. One should, however, remember that the notion of the wrapping effect in the work is
treated sufficiently strongly. The final conclusion on the efficiency of stepwise interval methods
can be drawn only after studying asymptotic wrapping effect (AWE). It should also be noted
that there may be definitions of interval spaces, different from definition 1.

Some particular classes of systems without IWE and corresponding interval spaces are
pointed out. These results can be used in solving by interval methods particular systems from
the pointed out classes.
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